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Abstract

In this paper alternative estimator to factor-type estimator for estimating population mean under two-
phase sampling scheme has been proposed. The new estimator was obtained by transforming the
means of both the study and the auxiliary variables using information on (N — n) population units yet
to be drawn. The expressions for biases and MSEs of the proposed estimator in the form of population
parameters using the concept of large Sample approximation when secondary sample S of sizen is a
subset from the preliminary large sample Sy of size ny and as an independent sample from population
i.e. S € Q have been derived and the conditions for its efficiency over the conventional estimators
have been established. Also empirical study to demonstrate the efficiencies of the proposed estimator
over traditional estimators have been performed and the results show that the proposed estimator
performed better.
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Introduction

The uvtilization of auxiliary information cither at planning stage or at design stage to improve the
estimate of population parameters has been a common phenomenon in the sample surveys. Auxiliary
information can improved the efficiencies of estimators il they are judiciously utilized especially
during estimation stage. The use of auxiliary information for formulating factor estimator for
estimating population mean ¥ was introduced by Singh and Shukla (1987) and (1993) under single
phase sampling and extended to two-phase sampling by Shukla (2002). The use of Tactor estimators
fully depends on the information provided by the sample of size n and itydrawn from the population
of size N. In many situations the information provided by the sample drawn may be insutficient, bias
or not representative of population of interest. In such situations information on {N — %) population
units yet to be drawn from both study and auxiliary variables 18 used for the estimation as it contains
the adequate and representative information required.

In this paper alternative estimator for factor-tvpe estimator which uses information on [N —#)
population units yet to be drawn from both study and auxiliary variables to transform both ¥ and ¥
has been proposed and ity efficiency over conventional estimators has been theoretically and
empirically demonstrated.

Consider a preliminary large sample & of size n, drawn from population ? of size & by simple
random sampling without replacement and secondary sample § of size r(r < nq) drawn either of the
following manners:

Case I: as a subset from the preliminary sample i.e. & < 5.

Case LI: as an independent sample from populationi.e. 5 < [1.

Let ¥ , ® be means of secondary sample of size # and #; be mean of preliminary sample ot size ry.
The traditional ratio estimator 35 was proposed by Cochran (1942) and dual to ratio estimator Vg was
proposed by Strivenkataramana (1980). Under two-phase sampling, these estimators can be detined
as _y,d and _]r.t: respectively and their MSEs for case | and I are delined as follows;
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Wherel= J"1— ,f\=

Adewara (2015) proposud altumatwe to Kadilar (2014) ratio-estimator using the means of both the
study and the auxiliary variables using information on (N ) population units yet to be drawn under
single-phase sampling. The estimator proposed and the MSE are given below

Voo = VL (7)
Where ¥* = X ('I (N"'n) /\;) g =Y (‘I (H"rln) 1\3-,), Ng= :_‘f ¢ Ay= ‘F;Psuuh that |Az] <1
: 1| % 3 |Bs] = 2

MEE(F,,) =V ’(N“W)z‘ L{CE + 6= 2p0,0,) (8)

Adewara (2015) obtained in his work that altemative to Kadilar and Cingi (2004) ratio-estimator
; A ; ; ; N

Vau was more efficient than classical ratio estimator v if 0 <n < _

Factor-Type Estimator

Shukla (2002) suggested a factor-type estimator for population mean under two-phase sampling as
. e +f£|‘x'

¥rra T ¥ ey 4 (9)
MEJ‘(V..M}J—VE(]'I(Zﬁ-_I P02 +zlfpp( &, ) (10)
MSE (ypry )y = 72 ( il (':f . f)P ¢z 12" por,cy) (11)
Where A = {d — 1)(d —2), 7 = {d — 1)(d —4), and = (d = B){d = ¥ —4),
A _ B _ A-IB _ A —
”1_‘“?'” i o Carfw g’ L T A ,‘-'Hl.’_."("]“_.a Faie’ P=03-0,=0—1
N<d <w
Shukla (2003) obtained in his work that factor-type estimator Vpr was more efficient than classical

o 2pi
ratio estimator ¥, if — ( ¥~ P« () under case I and if —f— (1448} =< P -0 under case II

where & — (1“:‘1) [ L FJ

Proposed Estimator

Let %; be the mean of auxiliary variable X based on preliminary large sample 5; of size ny , ¥ and ¥
be the means of auxiliary variable X and study variable Y respectively based on the secondary
sample 5 of size n{n < ;) drawn from population ? of size N by simple random sampling without
replacement and let x™ and ¥ be the means of X and ¥ yet to be drawn (Srivenkataramana and
Srinath (1976)) i.e. the means corresponding to (M — #) population units. Motivated by Adewara

(2015), the new factor estimator is given by
" - (A=1)E +[HE"
Yern =Y ; (12)

(A fouxyoxn

Where X = fF + 11— f)8* ¥ —fP—(1—=F)7 T =X + A0, 7P~ Y(1+4,),

= A (1= () ae)er =2 (1= (75) 82 ) = (1= (55) &) A= 7

F=X %

Az = P ,A:..:w v such that |Af] < 1, |AJ,L |<l IA |<1

Bias and MSE of the Proposed Estim ator Yern
Equation (12) can be expressed in terms of Ay and A, as
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(13)

Using power series expansion, the simplification of equation (13) up to first order approximation
(}(n ') is given by

n ‘n
A g iz ) Ry )
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Under Case I
In case I, we have
, ) 2 - .

F(A,)) = By = B(8,,) = 0,F(a,,)" ==ka?

2 z 7 - o
r(a,) —4 2, FE(A)% = 7’4,_5, I:'{A?A_i) = ‘Tm,y(,ﬁ, (15)

E(8,0,,) — 2L pC, 0 E(DgA, ) — - Ly
Taking expectation of (14) and using results of (15), the bias of the proposed estimator to terms of

1 . .
ordern  is obtained as

Bios(Yirp) = ) P(prC,,.*Eth} (16)

Squaring both sides of (14), then taklng expectation and using results in (15), we obtain the MSE of

the proposed estimator to terms of ordern™ as

MSEFrqp)y = V7 [’:)2{‘ TfL +1l e+ 22 Lrpeyc,) (17)

MSE Yyrp); = 4\5) M.S'E{..vﬂ-un (18)
Equations (10) and (18) are at minimum when P = (I, —(}4 = —p%—v = — (say).
Simplifying relation P — —», we obtained the cubic equation in the form of  as

-+ v+ f—9v+9d% = Gfr+5f =270+ 26)d + 4fv+4f — 250+ 24) — 0
19)

By solving (19), at most 3 zeros d- ,d: and d of the polynomials for which (9) and (12) are optimal
will be obtained,

Under Case I
In case II, we have

! s| = (N\gzp) = ', = = b - g =i -2
J.'{/\w] F(hz) = F(Az,) =0, E(Az) n (2
E(Ap)" ==Lc2 B = L2 B, AY) ZLpC,Cof (20)

E(ByA:,) - 0,E(A:A,.) - J
Taking expectation of (14) and using results 0f(20), the bias of the proposed estimator to terms of
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i [ i
ordern 1s obtained as
1-1,

BiasFrpp )y — Tt (R0 -0, =L >r*) (21)
Squaring both sides of (14), then t'ﬂxmg u\pcchlmn and uqmg results in (’?O we obtain the MSLE of

-1
the proposed estimator to terms ol ordern — as

MSEFrpby = 72 (= q)( Lz +| “|P 2 +2LPar, L, ) (22)
MSE (Vop)ig — (r} MSE(Fpr (23)

The MSEs of (9) and (20) is at minimum when P = 04 — . = —ﬁ—'—('l + &) L= —l (say).

Simplifying relation P — =k, we obtained the cubic equation in the form of d as

(F— 0D +{fk+f—9e+9)d* —(5fk+3f— 27k +26)d + @fl +4f — 25k —24) — 0
(24)

By solving (24), at most 3 zeros - , d.. and d of the polynomials for which (9) and (12) are aptimal
will be obtained,

Efficicncy Comparisons

In this section, efficiency of the proposed estimator is compared with that ot sample mean, classical
ratio estimator: factor-type estimator under case [ and conditions are obtained under which the
proposed estimator 1s more el ficient

Under Case 1

S R B A a1 s R B T S Qe 1t L i .
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Which is positive if 0 < n <; and {1—4v) <P <(1-2v)
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Empirical Study

In order to demonstrate numerically the efficiency of the proposed estimator, we consider the data
below

Population 1: [Source: (Das, 1988)]

A2 The number of agricultural laborers 1961

Y: The number of agricultural laborers 1971

Y — 39.0630, X — 251110, N — 2743, 71 — 60, 7, — 180,

iy — 14451, i — 1.a19k, fryx — 07213
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Population II: [Source: (Cochran, 1977)]

& The number of rooms per block

Y: The number of persons per block

V¥ =101.1, X = 58.90, N = 20, =8, ny =12,
¢, — 014150, ¢, — 01281, Pyx — 0.650

Table 1: Optimum values of d

Optimum value of Population 1 Population 11
d Case 1 (17) Case 11 (22) Case 1 (17) Case 11 (22)
d, 7.5191 10.0356 6.6414 6.9196
d, 1.5283 1.3363 1.5898 1.4924
ds 2.7570 2.9745 2.8030 3.0581
Poptimum -0.6435 -0.7332 0.5596 -0.5076

Table 1 show the roots of the cubic equations (17) and (22) which optimize the value of P and thereby
minimizes the MSE of the proposed estimator for the populations considered in the study.

Table 2:

Percentage relative efficiencies of different estimators with respect toy

Population I Population 11
Estimator Case 1 Case 11 Case | Case 11
y 100.00 100.00 100.00 100.00
Vi 144.21 120.82 125.57 101.76
Vst 142.34 150.51 130.34 135.83
Ver 179.31 182.64 129.19 141.17
Ver 2367.1 2411.0 290.67 317.64

Conclusion

Table 1 shows the optimum values of d for which the proposed estimator attains optimality in both cases |
and II under the two populations considered in the study. Table 2 also depicts the efficiencies of the
proposed estimator and traditional estimators and it is observed that the percent relative efficiency of the
proposed estimator with respect to that of sample mean is higher and superior over the percent relative
efficiencies of ratio estimator, Strivenkataramana estimator and factor-type estimator. It is also observed
that all the estimators considered in the study performed better under case Il than case I with exception of
classical ratio estimator. This implies that if second sample is drawn as an independent sample from
populationi.e.§ < {lthough cost of sampling might be increased, there would be increase in the efficiency
and accuracy of the estimate due more information about population are obtained.
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