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Abstract

A Mathematical model describing the transmission dynamics and control of Trypanosomiasls
s developed and analyzed. The model involves three interacting populations; humans,
livestock and tsetse-flies. We obtained the disease-free equilibrium state of the model and
carried out local stability analysis using the effective reproduction number (R,. ).
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Introduction

African Trypanosomiasis (AT) commonly called sleeping sickness is an infectious disease of
both human beings and animals. It is a vector-borne parasitic disease caused by an
extracellular protozoa belonging to the genus, trypanosome, species brucei. The parasites
are transmitted to humans by tsetse fly (Glossina genus) bite which have acquired their
infection from human beings or animals harboring the pathogenic parasite (WHO,2015).
There are two types of Human African Trypanosomiasis (HAT); West African sleeping
sickness (WASS) which is the chronic type caused by Trypanosoma brucei gambiense
(T.b.g) found only in humans, and East African sleeping-sickness (EASS), the acute type
caused by Trypanosoma brucei rhodesiense (T.b.r) found in domesticated animals as well as
in humans. According to World Health Organization (WHO,1998), ninety-five percent (95%)
of the trypanosomiasis cases are chronic, with the victim suffering the disease for many
years before eventual death. Acute infection can cause death within weeks. HAT (WASS)
clinically evolves in two stages. First or early stage-known as the hemo-lymphatic phase,
start with painful nodules/chancre with surrounding erythema and swelling 2-3 days after
tsetse fly bite which erupts into a red sore, then invasion of the lymphatic system and blood
stream 2-3weeks later characterized by non-specific symptoms like irregular bouts of fever,
fatigue, headaches, aching muscles, increased sweating, and weight loss. (generally goes
undiagnosed without sleeping sickness surveillance). Second or later stage-known as
meningo-encephalitic phase is marked by involvement of the central nervous system with
extensive neurological effects and can lead to serious sleep cycle disturbances(the disease
earned its name from the hallmark of the 2" stage classic symptoms, daytime slumber and
nighttime insomnia) anxiety mood, confusion, slurred speech, paralysis, progressive mental
deterioration, and ultimately results in death without effective treatment (Microbewiki,
African Trypanosomiasis., WHO, 2013).

During the past decades, Akinwande (1995,2005),Adamu, et a/ (2011), Onyebiyuwa et a/
(2010), Nannyonga et a/ (2010), Damian et a/ (2014), Jose et a/ (2014), Abdulrahman
(2014), Otieno et a/ (2014),Rachid et a/ (2015) have developed mathematical models of
infectious diseases. Considering the work of the aforementioned authors, a new
mathematical model is develop to complement and extend on their works by incorporating
stage progression,screening and treatment in the proposed model.
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Model Formulation
We formulated a model compartmentalizing the total population into nine epidemiological
classes, with the following variables and parameters.

Sy (t) Susceptible humans at timet, [, (t) Infected humans first stage at time t,
I, (t) Infected humans second stage attimet, R;, (t) Recovered humans at time t
N, (t) Non-carrier vectors at timet, C,(¢?) Carrier vectors at time t,
S;(t) Susceptible livestock at time t, 7,(t) Infected livestock at time t, and
R;(t) Recovered livestock at time t. where
Ay, A,and A;are the daily recruitment rates of human, vector and livestock respectively

into the susceptible population. « , an,an, and an; are the effective transmission rates

of AT from vector to human, human to vector, vector to livestock and livestock to vector
while g, g7and w1, 05,,0; and 9, are the natural and induced death rates for human,

livestock and vector populations. y;, is recovery rate of human due to natural healing, r,,and
7; are treatment rates of infected human and infected livestock respectively. ay, , @;-waning
rate of temporal immunity for human and livestock, while ¢p the efficacy of protective
clothing, & r efficacy of fumigation, Pp human compliance with ’protective clothing and Pr
rate of usage of fumigation are the control strategies used.
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Figurel: Schematic diagram of AT transmission dynamics and control
The mathematical equations of the model can be described by a system of ordinary

differential equations given below;
ds aC,S,(1-¢
=R = A+ Ry - wl—epep) - 1pSh 1)
dt Ph

dly _aCySy(1-¢pop)
dt Ph

—(o+yp+ )l ()
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dl
TTZO-Ih_(Tm"';uh'Fé‘h)Im 3)
dR
7;’=7h1h + Ty — (1 + 0 )Ry, (4)
dN, amly  paml,  aml
—=A, - + + N, —(u, +9,)C 5
7 V(PV P Pv)v(uv VG (3
dC, _amly  daml,  aml
= + + N, —(u, +9,)C 6
dz(Pv P Pv)v(/uv V)G (6)
ds amC, S (1-efof
Lo A+ o Ry —— i )—/1151 (7)
dt B
C,S;(1-
ﬂ26”73 4 l( gf(of)—(fl]l+kl+5l)]l (8)
dt B
ﬁZT]]l—(a)l-i-kl)R] (9)
dt
where
By(t) = S0+ 1, (0) + 1, (1) + Ry (1)
B(0)=S8,()+1; () + Ry (1)
P (10)
v(£)=Ny, (1)+Cy (t)
So that
dp,
7;'=Ah—#hph—5hlh—5hlm
ﬁ=/\1—k11’z—5111 (11)
dt
dP,
dtv =A,—(u,+0,)C,
In a biological region-feasible region:
Q={8). 1 Iy Ry N, Cy Sp. 1 Ry} € RL:N < Py + B + B (12)

It can be shown to be positively invariant with respect to the system (1) —(9)
invalid epidemiologically as the sub population Sj, 1j,1,,,R,,N, C,,S;,1;,and,R; are all

no
po

n- negative and the sum of each population (B,,F,F,)is less than or equal to the total

pulation.

Model Analysis
Existence of Disease-Free Equilibrium, E°

Th

po

e disease —free equilibrium states are steady- state solutions where there is no disease.
Hence, all the infected classes will be zero. The entire population comprises of susceptible
individuals. Theorem1: A disease —free equilibrium state of the model (1) exists at the

int

A A A
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Proof:

At the equilibrium state, the rate of change of each variable is equal to zero. i.e
a8, _di, _di, _dR, dN, dC, d§; d, dR;
dt dt dt dt dt dt dt dt dt (13)

Let; (Sh,l,,,Im,Nv,CV,S,,II,RI)=(SZ,[Z,J;“,,N;*,Cj,S,"‘,I;‘,R,*)

at equilibrium state. Thus we have from system (1) —(9)
aCySy(1-&ppp)

Ah +a)th " ,LthZZO
B, (14)
* ~k
aCySy, (1*—819(/)19) KL =0
b (15)
ol —KyI,, =0 (16)
Vil + Tl —K3Ry =0 (17)
AV_(0”71 ilNV +¢a771 ,:nNV +a772PlNV)_K4Nv =0
i i * (18)
P FI—s * 4ok
amlyN, ¢aml,N, anl N
Y g v ——K4Cy =0
F, F, F, (19)
CoS; (-
f (20)
* ok
a773CVSl (i_ Sf(Df) _KSII* =0 (21)
B
ol —KgR; =0 (22)
where
Kl =(G+Z’h +,uh),K2 = (Z'm +yh +5h),K3 =(uh +a)h)}
Ky =(u,+6,),Ks =(t; +k; +6,), K¢ = (k; + oop)
From (16),we have
*
I :—i{lh
2 (23)
Substituting (23) into (17) yields
R = YKo + 7m0 I
Ky K5 (24)
Substituting (24) into (14) gives
S* _ AhK2K3 +60h(K2]/h +Tm(7)[;: }P*
h = *
K2K3 {acv(l_gpwp)'i':uhpg} (25)

From (15) and (25) we have
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%
aC,(1-£ppp)KrK3A,

*
Iy = * *
{a[K 1K K3 — oy (Kay ) +7,0)1C, (1= & pop) + K1 Ky K g1, By (26)

Let
A=a[K1Ky) K3 —op(Kyyp +7,,0)](1- 81?(01?)}

B = K|Kr K3 Py then,

- _ KoKzah, G,
h— *
AC, +B 27)

substituting (27) into (24) gives

ah,C
R;::(}/th +rm0') —f Y J
AC, +B (28)

Also by substituting (27) into (25) gives
P {K2K3[Ah(AC;k + B)+ 0 (Kayy + 1y0)ah,Co } .
h= h

*
KoK3(aCy + Py (AC,, + B) 29)

From (21)
- anC,S) (1 . efof)
Ksh (30)
subtitute (30) into (22) gives
R = TS (1—8J;¢f)C:
KsKeh (31)

From (31), (20) becomes

S = KsKeH'A
% %
anmC, (1-&fpf)KsKe —oriamC,(1-&fof)+ KsKeF 1y (32)

Similarly substituting (27) into (23) gives
]* _ O'Ol[\hl<3c;‘<

m

AC, +B (33)
Also (32) into (31) gives
R;:fzm?sC:(l—ifcof) * KsKsH :

KsKeh) KsKeomsC(1=¢f pf ) —amamsC,(1—-efpf )+ KsKelT 14 | (34)
Also (32) into (30) yields
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/e ansC:(l—efqof){ KsKgFA, }
KsB' | KsKeamC,(1-¢fof)~amanC,(~efof)+KsKeH 1 (35
simplifying (18) gives
NECrn  AE N R e Kk —ermICiO—ef o))+ Kkl

e ™
MK (K +0)CL KoF oy 12 o KsKeH A (36)
From (19), we have
2 * 2 * *
o 1 TmARK (K +§o)N, a 34 KsKeF) AIN, _K, L =0
v * * * * * *
(AC, + B)F, BKsH [am[(KsKg — ) Cy 1+ Ks KBy
Thus
.C;=0 or (37)
2 2
a UlAhK?; (K2 +¢6)N\T + a 772773K5K6B*A1N: —K4 =0 (38)
(AC, +B)P, PYKsE [am[(KsKg—ayr) Cy 1+ KsKg B 1y
\%

Substituting (37) into (27),(28), (32),(33),(34) we obtain

Iy=1,=I =R, =R =0

(39)
Cy >0
When
oA K3 (K +go)Ny N a3 KsKeHAIN, o1
K4(AC; +B)P, K4PKsP [ans[(KsKe — o) Cy1+ KsKe Py (40)

Thus giving two different equilibrium state, DFE state where

*

Iy=1,=I; =C, =0

And endemic equilibrium where all the compartments are greater than zero
Now, substituting (39) into (14),(18),and (20),we have

Sy ="h NF=—v sf=—L

My, Ky Hy

l4 4

Thus a DFE state of the model exists at the point

((Sﬁ,IZ,IZ,RZ,Af,Cﬁ,ST,If,Rf)::(fEQ,O,OALfEK,O,fﬂgo,OJ

Hp Ky

Effective Reproduction number, R,

We apply the next generation matrix operator as used by Diekmann and Heesterbeek
(1990,2000), and improved upon by Driessche and Watmough (2002), we obtained the

effective reproduction number R. =FV* where F is the matrix of new infection terms and V is
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the matrix of the transmission terms formed from the coefficient of the infected classes (I,

I I,G ). ) .
i 0 0 0
ky
0 0 a(l-eppp) 0 a B 0
0 0 0 0 KK, K
o gl ESUSCILS)
o gen 0 @12 | and 0 0 - o (41)
0 0 amp(l-efpf) 0 Ky
0 0 0 L
L Ks |
) 0 a(l-eppp) 0
Ky
0 0-1 0 0
-1
FV-"=lan  goam  am ) amy
Ky KK, K Ks (42)
0 0 am(l-¢efpf) 0-2A
L Ky ]

From which we obtained the effective reproduction nhumber as

2 2
R — |2-mKs(A-eppp)lKy +pol+ KiKoya s (1-/¢f)
¢ KKK 4K

Local Stability of Disease-free Equilibrium State
Linearization of the model system (1) to (9) at any arbitrary point (E*) gives the Jacobian
matrix (43), used in the local stability analysis. of the disease-free equilibrium state

— Uy, 0 0 wy, 0 —-a(l-eppp) 0 0 0
0 -k 0 0 0 —a(l1-epep) 0 0 0
0 o -K5 0 0 0 0 0 0
0 7h 7, —K3 0 0 0 0 0
JED=| 0 -ap -gam 0 -K, 0 0 -—amp O
0 an gamn 0 0 -Ky 0 oam 0 [(43)
0 0 0 0 0 —am(-cfof) -k 0 y
0 0 0 0 0 am(l-efof) 0 —K;s 0
0 0 0 0 0 0 0 77 —Kg

Using elementary row-transformation gives
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-, 0 0 wy, 0 —a(ll-eppp) O 0 0
0 -k, 0 0 0 —a(l-gppp) 0 0 0
0 0 -K, 0 0 oz 0o 0 0
K
JE) 0 0 0 -K3 0 H, 0 0 0
1o 0 0 0 -K4 ~H, 0 -ap O (44)
0 0 0 0 0 ~H, 0 ap 0
0 0 0 0 0 0 ~k; -Hs o
0 0 0 0 0 0 0 -Hg 0
0 0 0 0 0 0 0 0 -K¢
" - a(rpky +‘7Tm)’ , :(02771 . ¢wsz’H3 :(K4 ~ 012771}
LY K| KK, K
poa’n a*nyn o*nyn 45
H4: H3_ 1 7H5: 72 3 ’H6= Ks—iz 3 ( )

The characteristic equation of the row transformed Jacobian matrix(43) is given as

(4 + A 0 0 @y, 0 -a
0 ~(Kj+4) 0 0 0 -
o
0 0 ~(Ky+4) 0 0 —
K
J(EO): 0 0 0 ~(K3+2) 0 H
0 0 0 0 «(Ky+4) -Hy
0 0 0 0 0 ~(Hy+4)
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

the eigenvalues are
A ==y <0

b =—K; <0=—(c+y,+u,)<0
A3 ==Ky =~(yp+pp+6,)<0
Ay =-K3=—(y +0p) <0

/15 :_K4:_(/Uv+§v)<0

2
(Hy =229

:—H = —
A6 4 KK,
27 =-Uu <0
2
a‘mml-cfof)
/18=—H6=—[K5— 3K
4
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0
0

0
0

0
0

0

0 0
0 —aip 0
0 arp 0
(kg +A) —Hs @
0 ~(Hg+72) 0

0 0 ~(Kg+4)

(46)
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29 =—K6 =—(a)l+,ul)<0
For

2 2 2 2
g =— Ky _a’m | a"méo = 4 - _| KiKoKy —Kya'm —atimpo
1K | KK, 6 KK,

2 J— J—
Jg =| 2 (=2pep)lKs + o]~ KKy Ky Dividing through by KK,K,we have
KK 1KoKy

4

Je = K| EmA=epopKatgol || oy @m=epop)Ks +do]
4 KK K, ’ hv KKK,
A = K4(Ry, —1), if R, <1, then A <0
2
a 1-¢
g =~H =—(K5 -G f¢f)] | @rma=eson |
4 K4Ks

2
a"mmi(l-sfof)
Rlv:( 2;(1( jﬂSZ(Rlv_l)
by dividing through by Ks but 473

thenAg <0,if , Ry, <1

J = Em=epoplKs+od] oy @Pmim(-efef)
KiK>Ky ' K 4K

if Re<1.  Simplifying gives

2 2
R |@-mKsA-eppp)Ky + o]+ KiKrarmm(-sfpf)
¢ K KyK4Ks

Thus, Agand Ag <0 if R. <1 Hence the disease — equilibrium, EC is locally asymptotically

stable if R. <1 thus, determining the local stability of the system.

Conclusion

In this paper, a non-linear mathematical model of African Trypanosomiasis is developed,
incorporating screening and treatment of the infectious second stage human population, the
effective reproduction number R.was obtained which was used to establish the conditions

for Local Stability of the Disease-Free Equilibrium (DFE).The results showed that the
Disease-Free Equilibrium will be locally asymptotically stable if R, <1

Recommendations

Sensitization of the public on the danger of trypanosomiasis and the need for its prevention,
since no vaccine exists for immunity against the disease. Generating a vaccine for the
disease for both human and livestock to reduce infections, and can probably eradicate the
disease if more than 70% of the population are vaccinated with a vaccine whose efficacy
does not wane after injection. also combined control strategies that have great effect in
eradicating the disease should be adopted.(preventive clothing, fumigation, screening and
treatment of the infected individuals, insecticides-reducing the vector population )
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