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Abstract

This work examines the properties of solution of two dimensional flow of a viscous
incompressible electrically conducting fluid past an infinite vertical porous plate in a porous
medium in the presence of uniform transverse magnetic field and constant heat source. Our

results revealed that velocityu , mass @ and temperature 0 are increasing function of time.
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Introduction

Convective flows are important in the context of process involving high temperatures. In
many engineering areas such as nuclear power plants, gas, turbines and various propulsion
devices for aircraft, missiles and space vehicles. The effect of free convection on accelerated
flow of a viscous incompressible fluid past an infinite vertical plate with suction has many
important technological applications in the astrophysical, geophysical and engineering
problems .The study of the flow of an electrically conducting fluid over porous media has
been studied due to its numerous applications such applications include MHD pumps,
induction pumps, MHD generators , oil exploration, nuclear power plants ,gas turbines, air
crafts and space vehicles among many others. Seigel (1958) first studied transient free
convection flow past a semi-infinite vertical plate by an integral method. Since then many
researchers have been published papers on free convection flow past a semi-infinite vertical
plate.

A few other works of interest in this area include the works of Ogulu and Prakash (2006),
Kim (2000), Makinde (2005) and Ogulu and Makinde (2009). Anand et a/. (2012) used finite
element method (FEM) to obtain the solution of heat and mass transfer in MHD flow of a
viscous fluid past a vertical plate under oscillatory suction velocity. Sharma et a/ (2012)
investigated the flow of a viscous incompressible electrically conducting fluid along a porous
vertical isothermal non-conducting plate with variable suction and internal heat generation in
the presence of transverse magnetic field. Mohammed ef al. (2015) presented an analytical
method to describe the heat and mass transfer in the flow of an incompressible viscous fluid
past an infinite vertical plate. With the governing equations accounting for the viscous
dissipation effect and mass transfer with chemical reaction of constant reaction rate. The
couple differential equations were transformed using similarity transformation and solved
analytically using iteration perturbation method. Hamad ef al (2011) investigated the
unsteady magneto hydrodynamic flow of a Nano fluid past an oscillatory moving vertical
permeable semi-infinite flat plate with constant heat source in a rotating frame of reference.

The velocity along the plate (slip velocity) is assumed to oscillate on time with a constant
frequency. Das and Jana (2010) investigated the effect of heat and mass transfer on the
unsteady free convection flow of a viscous, electrically conducting incompressible fluid near
an infinite vertical plate embedded in porous medium which moves with time dependent
velocity under the influence of uniform magnetic field applied normal to the plate. An exact
solution of the governing partial differential equation is obtained by using Laplace transform
technique. Maina et al. (2015) studied the effects of heat transfer on unsteady MHD free
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convective flow past a vertical porous plate in a porous medium with heat source and
constant injection. Crank-Nicolson method (FDM) was used to solve the governing coupled
differential equations.

The objectives of this paper are to establish the criteria for the existence of unique solution
of two dimensional flow of a viscous incompressible electrically conducting fluid past an
infinite vertical porous plate in a porous medium in the presence of uniform transverse
magnetic field and constant heat source and examine the properties of the solution under
certain conditions.

Model Formulation
Consider the two dimensional flow of a viscous incompressible electrically conducting fluid
past an infinite vertical porous plate in a porous medium in the presence of uniform

transverse magnetic field(B,)and constant heat source(Q). The x-axis is measured along
vertical plate and y-axis normal to it as shown figure 1. The surface of the vertical plate is at
uniform temperature 7 and concentration C. The temperature and concentration far away

from the plate are T, and C, respectively. A magnetic field of strength B, acts normal to

the plate that is, along the y-axis. The analysis of this study is based on following
assumptions:

() Physical properties are assumed as constant.

(ih Fluid particles are assumed as electrically conducting.

The physical sketch and geometry of the problem is shown in figure 1:
X g
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Figure 1: The flow configuration

Using these assumptions together with usual boundary layer approximations and following
Maina et al/. (2015) and Mohammed et al (2015) we get the two dimensional equations
describing the phenomenon as:

Continuity equation

ou Ou
—+—=0
ox Oy
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(1) Momentum equation

2 2 2
8_u+u6_u+vﬁ_uzu a—?+a—? L —GBOqugﬂ'(C—Cw)
ot ox Oy ox~ oy K @)
2 2 2
@+u@+v@=u 6_;/4_6_\2/ —iv—GBO v+gp(Cc-C))
o ox Oy ox~ Oy K Yo,
Energy equation
2 2 2
or oL, or__k 53+5{ _vfou u +0(T-T,) (3)
ot Ox oy pc,\ox” Oy c,\Ox 0Oy
The equation for species concentrations
2 2
§+u£+v§:Dm g+% 4)
ot ox oy ox oy

Where y, v are the dimensionless velocity components along the X —andy —
directions respectively, v is the kinematic viscosity, k thermal conductivity, cis the
electrical conductivity, B, the constant applied magnetic field, o the fluid density, g

gravity acceleration, B' the concentration expansion coefficient, C  and C. are the
concentration of solute at the plate and far away from the plate respectively. 7 is the
temperature of the fluid on the surface of the plate, 7, the temperature of fluid far away

from the plate, ¢, is the specific heat capacity at constant pressure, O additional heat

source, and D, is the molecular diffusivity.

The problem is two-dimensional and since the plate is an infinite, the velocity vector
q = (u7 0)7 u = u(X’ Ya t) b V= V(X’ Ya t)

By symmetry and from continuity equation (1)
u =u(y,t), T=T(y,t) and C:C(y,t)
Then, equations (1) — (4) reduce to

ou _ ou v oB;

oS-yt gp(c-C 5
oV kYT, el (c-c.) (5)
or k 0T ov(éu)

—=— 2——(—J +0(r-T1,) (6)
o pe, oy" ¢, \0y

2

«C_p 5_f )
ot oy

With initial and boundary conditions

uwy,0)=U, u0,6)=U, u(0,t)=0

T(y,0)=T, T(0,0)="T, T(0,t)=T, (8)
C(y9 O) = Ceo C(Oﬂ t) = Cw C(CX)’ t) = Coc

71



Journal of Science, Technology, Mathematics and Education (JOSTMED), 14(3), 2018

Method of Solution

Non-dimensionalisation
We introduce dimensionless variables for space and time,

D t y
tl — m , ’ — 2 9
2 Y= %
We also introduce dimensionless variables for velocity, temperature and concentration;
T-T c-C
u' = 0= = g=—=, (10)
Uoo Tw - ToO CW - Cw

Using (9) and (10), and after dropping the prime, the equations (5) - (8) become
2
u_ Scﬁ—”—(M +Lju +Gr,p
K
p

11
ot oy’ (1)
P 2
9O_L00 5| 4 g0 (12)
ot Proy oy
2
o0y (13
ot Oy
With initial and boundary conditions
u(y,0)=1, u(0,)=a, u(oo,t) =0
0(y,0)=0, 6(0,£)=1, O(o0,t)=0 (14)
#(0.0)=0, #0.1)=1,  gl0.1)=0
Where
Mo oB.I’

kD,
magnetic parameter, K, = L’; permeability parameter, Sc = Y §chmidt number,
L

m

m

r 2 _
G _8PLC,~C.)

Grashof number,
U, !
C D U?
Pr= Portn Prandtl number, Ec= o E ckert number,
Cp (Tw - oo) m
L2
q= 0 heat source parameter.

m

Existence and Uniqueness of Solution

Here, we shall prove the existence and uniqueness of solution of system of equation (11) -
(13). The question of existence and uniqueness of solution to these equations has been
addressed by Ayeni (1978), who considered similar set of equations and showed among

other results that existence and uniqueness are somewhat well known. In his work, he
studied the following system of parabolic equations
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%:A¢+f(x,t,¢,u,v), xXeR", t>0

ou "

E:Au+g(x,t,¢,u,v), xeR", t>0 (15)
ov ;

5=Av+h(x,t,¢,u,v), xeR", t>0

#(x,0) = £,(x)
u(x,0) = g,(x)
v(x,0) = hy(x)

X =(X,%,...,X,)
S1: f,(x), g,(x) and A,(x) are bounded forx € R". Each has at most a countable number

of discontinuities.
S2: f,g, h satisfies the uniform Lipschitz condition

‘(p(x,t,¢1,u1,vl)—(p(x,t,qzﬁz,uz,vz)‘ < M(|¢51—¢2|+|u1—u2|+|v1—v2
where
Gz{(x,t): xeR", 0<t<r}

Our proof of existence of unique solution of the system of parabolic equations (11) — (13)
will be analogous to his proof

). (x)eG

Theorem 3.1: There exist a unique solution u(y,t),é(y,t), and ¢(y,t) of
equations (11) — (13) which satisfy (14)

Lemma 3.1 (Ayeni ((978)):
Let (f,.g,.h,) and (f,g,h) satisfy (S1) and (S2) respectively. Then there exist a

solution of problem (15).
Proof of Lemma 3.1, see Ayeni (1978)

Proof of theorem 3.1: We rewrite equations (11) — (13) as

ou O'u
—=— Jtu,0,0), R", t>0
oo f(y:t.u,6,9) ye
00 00 )
E=§+g(y,t,u,9,¢), YeR", t>0 (16)
op _'¢ :
5=§+h(y,t,u,9,¢), yER , t>0
Where
1
f(y,t,u,0,¢)=Gr¢¢ —(MJrK—Ju (17)
V4
2
ou
g(y.t,u,0,4)=q0 + EC{—) (18)
oy
h(y,t,u,0,¢)=0 (19)
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Ignoring the second term at the right hand side, the fundamental solutions of equations
(11) = (13) are (see Toki and Tokis (2007))

F(y,t)=zt@exp[_4gctj (20)
G(y,t)= ;F (_Pryj 1)
Hyt)= er_ [fj (22)

2
Clearly, f(y,t,u,9,¢)= Gr,¢ —LM +KLJu, g(y,t,u,9,¢):q9+Ec(g—uJ and
y

P
h(y,t,u,0,4)=0 are Lipschitz continuous. Hence by theorem 3.1, the results follows. This
completes the proof.

Properties of Solution

Theorem 3.2: Let Sc =M = Kp = Gry = Ec =Pr=qg =1 in equation (11)-(13). Then,

Ao, s Py
ot ot ot

In the proof, we shall make use of the following Lemma of Kolodner and Pederson (1966).
Lemma (Kolodner and Pederson (1966)): Let u(x,t)= O(e""x‘z) be a solution on

R" x[O,t) of the differential inequality, %—Au+k(x,t)u >0 where k is bounded from

below if u(x,0) >0, then u(x,0)>0 forall (x,7) e R" x[0,1,)

Proof of Theorem 3.2: Given,

u Fu

5—§—¢ 2u (23)
%—i ¢9+[%J (24)
a o oy

o%9_5¢_

o oy (25)

Differentiating with respect to ¢, we have

0 (8@:) 0 o'u 8¢ 5 ou

ala) a 6y2 o ot
) 2

g(aej o(aé8 %Jrg u (26)

ala) a ay ot ot\\ oy

(a¢) o(3p)
ale) ala? )
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Let _ o —%and _%
P=% ot 5
Then
2
%—g—€+p20 since w>0
Y
2
@_a—Z—rzo since 2pa—pzo
ot Oy oy
2
6_w_8v2V+OXW:0
ot Oy
This can be written as
op 0o
g?—E;§+k(yJ)p20
or o°r
5_8)/_2+k1(y’t)r20
ow 0w
E_Gy_erkZ(y’t)WZO
Where

ky,)=1,  ky.H)=-1,  k{,n=0
Clearly, k and k, are bounded from below and £k, is bounded everywhere. Hence, by
Kolodner and Pederson’s lemma, p(y,7)>0, and r(y,t)>0andw(y,t)>0 , thatis

6_u >0, % >0 and % > 0. This completes the proof.

ot
2 2
Theorem 3.3: Let ¢ >0, Ec=0 and Pr=1in %—igz& ou +q6 . Then
ot Proy oy

H(y,t)ZO for (y,t)e(O,oo)x(O,tO),tO >0
Proof: Letg >0, FEc=0 and Pr=1 we have,

0_30_
ot oy 1
i.e

2
6_26_ .4 g
ot 0oy
This can be written as

2
%—alzg—K(y,t)@:O
ot 0oy
Where
K(y.t)=—q

Hence, by Kolodner and Perdeson’s lemma &(y,t)> 0. This completes the proof.
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Conclusion
To examine the properties of solution of the two dimensional flow of a viscous
incompressible electrically conducting fluid through a porous medium in an infinite vertical

porous plate in the presence of uniform transverse magnetic fieId(BO)and constant heat
source (Q) , we used an approach by Ayeni (1978) and Kolodner and Pederson (1966). Our

results revealed that velocity #, mass ¢ and temperature @ are increasing function of
time. We can therefore conclude that for cooling of the plate by free convection current

(Gr¢ > O) , velocity, mass and temperature are increasing function of time.
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