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Abstract

The paper presents a modification of variational iteration method by Taylor’s series for
finding the solution of the nonlinear partial differential equation describing the modeling of
oil shale pyrolysis. The modification takes care of the nonlinear exponential part of the
partial differential equation which could be complicated to solve. The results obtained using
modified variational iteration method shows that the concentration of oil increases as the
temperature increases.

Introduction

Several problems arising in science and engineering modeled by differential equation leads
to nonlinear partial differential equations (PDESs). In various fields of physics and engineering
several methods have been used to solve PDEs and these are mostly applicable to linear or
polynomials nonlinearity type equations (Sweilam & Khader, 2007). In this work we consider
the variational iteration method with exponential nonlinearities. Variational iteration method
is a useful instrument for solving nonlinear PDEs (Elham & Hossein, 2011) and has been
applied to PDEs with polynomial nonlinearities (Yulitaet al., 2009). A modification is made by
replacing the exponential part with an appropriate polynomial. In order to show the
efficiency, the mathematical modeling of oil shale pyrolysis is considered (Inokuti & Sekine,
1998).

Oil shale is any sedimentary rock containing various amounts of solid organic material that
yields petroleum products, along with a variety of solid by-products (Pankay, 2012).
Pyrolysis is the process in which the oil shale is heated in the absence of oxygen until its
kerogen decomposes into condensable and non-condensable combustible oil shade gas
(Dexun, et al., 2017).

The aim of this work is to analyse the effects of dimensional activation energy, heating rate
parameter, and the Arrhenius pre-exponential factor on the oil shale pyrolysis process.

Model Formulation
FollowingWang, et al., (2016) the equation describing oil shale pyrolysis is given by

dc [ Ac, E A E
T (H jexr{ﬁ HI eXp( RT deJ W

where T is the temperature, His the heating rate, E is the activation energy, Ais the

Arrhenius pre-exponential factor, and Ris gas constant.
We simplify (1) using the approximation:
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Substituting (2)into (1), we have
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dc [ Ac, -E (ART? -E
= - exp —~ exp (3)
dT H RT HE RT
The initial condition is taken as
c(Ty) =¢, Q)

Method of Solution

Non-dimensionalization
Here, we non-dimensionalized, (3) and (4) using the following set of dimensionless

C E
iables: p=—, 0=——7-(T-T, 5
variables: ¢ ‘. RTZ( 0) (5)

and we have
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Therefore, the dimensionalized equation and boundary conditions are
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3.2 Variational iteration method
We consider the following general nonlinear system:

L#(6)+Ng(0)=g(0) (8)
where L is the linear operator and N is the nonlinear operator, and g(@) is the
inhomogeneous term. A correction functional for (8) can be written as

,1(0)=4,(0)+ [AGNLA, (5)+ NG, (5)- a(s)kis ©

The successive approximation ¢,, n>0 can be established by determining A, a general
Lagrange multiplier, which will be identified optimally via the variational theory (Inokuti &
Sekine, 1998). The function ¢, is a restricted variation, this means that 6¢, =0. The

Lagrange multiplier is determined using integration by parts and the successive
approximations ¢n+1(0) of the solution ¢(t9) will be readily obtained upon using the

Lagrange multiplier obtained and any selective function ¢, (0)
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A modification of variational iteration method

Here, we introduce a new method for solving the nonlinear PDE (7) by introducing Taylor
polynomial which takes care of the nonlinear exponential part. The modification is based
on the following theorem;

Theorem 3.1 Taylor’s theorem: If a function has an(n +1) th derivative on an interval
[a,b], then its value at (b, f (b)), can be written as a Taylor polynomial of the form
. 1 .
f(a)+(b—a)f (a)+...+—'(b—a)n f"(a)plus an error term, where f"(a) is the nth
n!
derivative of f(x). Let f(x) be infinitely differentiable, the Taylor series will represent

the function at the points for which the error goes to zero as N increases.
To modify the variational iteration method, we use Taylor’s polynomials
0
=1+60+0(0? (10)
1+0 ( )
arrive at the following correction functional

$..,.0)=0,0)- H%—a exp (—£+1+ s—Bll+2es+ 227 Y1+ S)Dds (11)
0 &

Making the correction functional stationary leads to
0
54,.,(0)=5¢,(0)- 5](%(/5“ (s)-a eXp(—1 +1+5— ,B(1+ 265 + 5252X1+ s))]ds (12)
&
0

which yields the following stationary conditions:

1+4(0), . = o}

. (13)
2(@)=0
The general Lagrange multiplier, therefore can be identified as
A (0)=-1
using ¢, (0 ) =1 as the initial approximation we obtain the following results
¢ (6) =1 (14)

28\/5 23\/5 2&\/?

The computations (14) and (15) were done using computer symbolic algebraic package
MAPLE 16 to solve (12), where ¢(t9) is the temperature.

4P +1 _ 20n 2
¢ (0)=1+ L | ome (—erfL 1+2ﬁg}+erf [28 po 1+2ﬂ8}]e ’ (15)

Results and Discussion
We solve the partial differential equation (7) describing oil shale pyrolysis using a modified
variational iteration method. Numerical solutions of equation (15) are computed for the
values of =0.1, 0.3, 0.6, ¢=0.4 0.6, 0.8, =0.1, 0.4, 0.8, and @ =0..1.The following
figures explain the variation of the concentration of the oil shale pyrolysis with dimensional
activation energy (¢), heating rate parameter (), and Arrhenius pre-exponential factor,

().
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Figure 1: Variation of the concentration of oil shale, o8} with dim ensional activation
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Figure 2: Variation of the concentration of oil shale, o(f) withheating rate parameter,
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Figure 3: Variation of the cncenwation of cil shale pyrolysis, off) with Arthenius pre-
expaonential factor, o

Figure 1 shows the effect of dimensional activation energy, (8) on the concentration of

oil. It is observed that the concentration of oil increases as temperature, 8 and increases
as dimensional activation energy, ¢ increases.

Figure 2 shows the effect of heating rate parameter, (ﬂ) on the concentration of oil. It is

observed that the concentration of oil increases as temperature, Oincreases and as
heating rate parameter, [ increases.

Figure 3 shows the effect of Arrhenius pre-exponential factor, (a) on the concentration

of ail. It is observed that the concentration of oil increases as temperature, @increases
and as Arrhenius pre-exponential factor, « increases.

Conclusion

In this paper, the mathematical model of oil shale pyrolysis is presented. We used a
modified iteration method to obtain the numerical solution of the model. The governing
parameters for the problem under study are the dimensional activation energy, heating rate
parameter, and the Arrhenius pre-exponential factor. The oil temperature profiles are
significantly influenced by this parameter. Increase in temperature leads to more production
of oil shale.
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