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Abstract

In this paper, the generation of Adomian polynomials for certain supposedly difficult
nonlinearities and their implementation in standard Adomian decomposition method is
reported. The steps involved in the whole process are well elucidated, and the numerical
results obtained confirm the accuracy of the method.
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Introduction

Adomian decomposition method (ADM), which is one of the most reliable semi—analytic
methods, was introduced by Adomian (1994). This method prides itself as a viable tool that
handles both linear and nonlinear ordinary and partial differential equations. Its application
transcends the solution of differential equations, as it has been effectively applied to linear
and nonlinear integral as well as integro — differential equations all kinds and types
(Wazwaz,2011). The so—called modified Adomian decomposition method (which is applicable
only when the inhomogeneous source term has more than one term)was later reported to
simplify matters, especially when there are ‘noise’ terms in the solution (Adomian, 1994;
Wazwaz, 2011).

The only difficulty encounters in the course of using ADM is in the generation of the
Adomian polynomials, especially for certain difficult nonlinearities (Hermann and Saravi,
2016). Despite the availability of a robust general formula presented by Adomian (1994) for
the generation of the polynomials, researchers still encounter some difficulties in that
direction. Duan (2015) presented an extension of ADM to boundary value problems, and
most importantly, an algorithm for implementation in Mathematical for the generation of
Adomian polynomials. Hermann and Saravi (2016), Yisa and Issa (2018), and a host of other
scientists used ADM to solve generalized Emden—Lane—Fowler equation. The peculiarity in
the equation is the singularity that exists in its first order term which hinders solving the
problem by many known analytical methods. Relativity in performances of variational
iteration method (VIM) and ADM were investigated by Yisa (2018), where the two methods
were observed to be efficient.

The convergence of any numerical scheme to be used in solving any problem is of central
consideration. To that end, Abbaoui and Cherruault (1994) established the general
convergence for ADM, while Abdelrazec and Pelinovsky (2011) worked on the convergence
of the method basically for IVPs.

In the present work, attention is given to the modalities of generating the Adomian
polynomials for some selected nonlinearities of varying degrees of difficulties. The
polynomials thus generated are implemented in the solutions of some nonlinear initial value
problems (IVPs).
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The Adomian Polynomials
Adomian (1994) gave a general formula for generating the so — called Adomian polynomials
as

1 9m -
Ap=—=—|N Z,yyj A=0, n=012, .. (2.1)

An elegant variation of (2.1) was present in Hermann and Saravi (2016). The derivation of
Adomian polynomials through the implementation of (2.1) is presented in section below. It
must be noted too, that when n =0, the partial derivative is not implemented, that is
Ay = N(yo).

Generation of Adomian Polynomial for Certain Nonlinearities
In this section, Adomian polynomials are derived for the types of nonlinearities that are
conceived in the present work.

Nonlinearity of the Form N(y) = y(x)y (x)
Consider the nonlinearity
N(») = y(x)y (x)(3.1)
The Adomian polynomials are derived as follows:
Ag =N(yp) = }’0}’/0

Forn = 1:
1
> iy ||a=o0
=0
0
A= a1 [N(o + Ay1)]a=0
This implies

a / 7
Ay = aa [(yo + /1}’1)()’0 + /13’1)]/1=0
Using product rule, we get
Ay =[(yo + /13’1))’1 + (3’0 + /1}’1))’1

= Yo¥1 + Yo¥1
The next Adomian polynomial A4, is generated as follows:

102| [,
Az ZEW N Z/‘ij A=0

62 Ve s 4
Ay = Fyd [(vo + Ay + 22y2) (o + Ay1 + A%y3)1a=0

0
Ay = a1 [((vo + Ay; + /123’2)(3’1 + 2/13’2) + (31 + 222) (Vo + Ay: + 22y )]s=

[\.)Ib—\

1
=5 [(vo +Ays +4 YZ)(ZYZ) + (O + 21}’2)(3’1 + Zlyz) + Oyt 2/1)/2)()/1 + 2/1)/2)

+ 2y, (Vo + A1 + A2y )]0,
which gives

1 7/ Ve 7 7
Az =3 [2v250 + Y11 + y1y1 + 2¥270 )
Upon simplification, we get
Ay =YY + Y1Y1 + V2Yo-
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For n = 3:

193] [,
A3 :aﬁ N ZA]}/] A=0
Jj=0

1 03
A3 = ?ﬁN[(yO + /1}’1 + /12}/2 + }13}/3)]1:0
3 Ve 7 Ve 4
As = === [0 + 2y + 229, + 2y5) (v + A1 + 225 + 350

Working through carefully and evaluating at A = 0, we get

1 7 / 7 7 7 7/ 7/ V4
A3 = [6¥3Y0 + 2y1Y2 + 215 + 2Y201 + 291Y2 + 2Y291 + 2Y291 + 6Y30)
which eventually gives

A3 = Yoys + y1¥s + VoY1 + Yoy
And so on.

Nonlinearity of the Form N(y) = y'(x)?
Consider the nonlinearity

NO) = (' ())? = (¥)? (3.2)
Now using (1), we shall generate the corresponding Adomian polynomials as follows:
Forn = 0:

Ay =N(yo) = (3’0/)2

Forn = 1:

A= 1'0/1 Z’WJ =0

0
A = En [N®o + Ay1)]a=o0

0 , ,
A = [ﬁ (3’0 + /1}’1)2]);0

Ay = [2(yo + 1) yila=0,

which flnaIIy glves
Ay = 2)’03’1-

For n = 2:

1 92 S
j=0
62

1

A; = EWND’O + Ays + 22¥2] 320
1 92 , , N2

Ap = SR [()’0 + Ay, + /123’2) Ia=0
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10

A; = E_ﬂ 2(}’0 + Ay + A 3’2)(3’1 + 2/13’2)

/7 7/ 7 7 7/ 7 2
A; = [(3’0 + Ay, + AZYZ)(ZYZ) + (3’1 + 2/1)’2) Ia=0
And this finally gives
Az = 2y,y0 + ()%

For n = 3:

1 93 j
A3 :aﬁ N 21 y] A=0
j=0

1 93
Az = ﬁﬁN[(J’o +Ay1 + A2y, + 22y3)1a=0
3 ) i , N2
Ay = 2= (v + M1 + 225+ ¥5) Taco

Differentiating and evaluating at 1 = 0, we get
Az = 2y0y3 + 2y1Y,.

Nonlinearity of the Form N(y) = y “(x)?
Consider the nonlinearity

Ny =y (x)*=0u") (3.3)
Using (2.1) here again, the Adomian polynomials corresponding to the nonlinearity are
derived as shown below.
Forn = 0:

Ay =N(o) = (¥)?

Forn = 1:

A= 1'61 Z“’f -

0
Ay = T —[N(yo + Ay1)]a=

a V4 7
A = FY [(3’0 + /1)’1/)2]/1=0

Ay = [2(yo + Ay1)y1 1a=0»

which finally gives

V/a7s

A1 =2y0y1-

For subsequent values of n, the polynomials take after those of nonlinearity derived above
for

N(y) = y (x)?with the minor adjustments in the order of the derivatives, that is changing
first order terms to second order terms throughout. So, the polynomials are:
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For n = 2:
Ay =2y,y0 + (Y1)2-
For n = 3:

As = 2y0y3 + 21 y3-

Nonlinearity of the Form N(y) = y(x)In(y(x)).
Consider the nonlinearity
N(y) = yln(y) (3.4)
Using (2.1), the corresponding Adomian polynomials are derived as follows:
Forn = 0:
Ay = yoln(yo)

Forn =1:
J =
A= 6/’1 Z’l Yj 0
0
A = En [No + Ay1)]a=o0
0
A = [ﬁ o + AyDIn(yo + Ay1)]a=0
Vo + Ay
A =[—/———————+vy,In + A -

1= o + A1) yin(yo y1)la=o

Therefore

A1 = ynlnyy + ;.

For n = 2:
1 92 2,
AZ:ZWN ZA]}/] A=0
=0
1 2
A; = EWND}O + Ays + 22y2] 320

1 92
A2=_

SO [(Vo + Ay + 22y)In(yo + Ays + A2y2)]a=0

1 y
A; = 5 2y, + 7 + 2y,Inyola=o
Thus,

Ay = yplnyy +

For n = 3:

193 S
A3=§ﬁ N ley] A1=0
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1 93
Az = aﬁN[(}/o + Ay; + /12}’2 + /13}’3)]/1=0
1 83 2 3 2 3
Ay = 2=z (0o + Ayy + 22y; + Ays)in(yo + y1 + 22y, + y3)]1-0
Thus,
3
YiY2 V1
Az = ysl -

3 =Y3iny, + Yo 60

And so on.

y®)

Nonlinearity of the Form N(y) = e 2

Consider the nonlinearity
@)
NG)=ez (3.5)
The Adomian decomposition corresponding to the nonlinearity are derived using (1) as
follows:

For n = 0:
Yo
Ay =N(yp) = ez.

Forn = 1:

A—la N 1/11' A=0
TV ZO ilN\* =
]=

0
Ay = —=[N(o + Ay1)]a=0

oA
This implies
0 Yot+Aya
Ay = EVl [e 2 Jio
Yot+iys
Ay =yile 2 -0
Therefore,
Yo
Ay =yez.
Forn = 2:

1 92 2
te =g [V L0 |2 =0
j=0

1 2
Ay = EWND’O + Ays + 22y2]3=0
1 62 Yo+dy1+1%y;

A =5omle 7 =0

1 Yot+Ay1+A%y, Yot+iy1+12%y,

1
A; = [EYze 2 + g()ﬁ +22y,)%e 2 =0
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This gives

1 o 1 Y
Ay =sye2 +sye2y5.

2 2
Forn = 3:
3
1 93 j
=3 |V Z’”’f A=0
j=0
1 03  yotay1+2%y;+a3y3
4 =gamle 1=0
p 1 vo 1 Yo 1 3 %o
= — 2 — 2 —_— 2,
3 23’33 +4y1y3e +483ﬁe

A Review of Adomian Decomposition Method

A brief review of ADM is presented in this section for the sake of completeness, interested
reader can find the details in Adomian (1994), Wazwaz (2011), Hermann and Saravi (2016),
just to mention a few.

Consider the nth order nonlinear initial value problem

Ly(x) + N(y(x)) + Ry(x) = g(x) (4.1a)
With the initial conditions
y(0) =a,y' () =a,,  ...,y®D(0) = a,, (4.1b)

where L is an nth order linear differential operator, N is the nonlinear operator, R is the
remaining linear term and g(x) is the inhomogeneous source term.
The initial approximation y,(x) is obtained as follows:

Yo(x) = o (x) + B(x) (4.2)
The ¥, (x) in (8) is derived from the Taylor’s series using the initial conditions as follows:
X2 n-—1
= ' " (n-1)
Yo(x) = y(0) +xy'(0) + 27 y"(0) + - + -1 (0)(4.3)
That is
2 a,nxn—l

3 asx
wo(x) —a1+a2x+T+---+m

On the other hand,f(x) is the result of application of L~ (which is the inverse of the linear
differential operator L) to g(x) in (4.1a). Thus

(4.4)

B(x) =L"g(x) (4.5)

The initial approximation is therefore obtained through adding (4.3) to (4.4), so we get
azx px"1 _
yo(x)=a1+a2x+T+---+(n_1)!+L lg(x) (4.6)

The final solution is given by

y() =yo(x) + y1(x) + y2(x) + - (4.7)
The other members y; (x), y,(x), ... are obtained from the recurrence relation

Vir1(x) = =LY (Ry) — L"Y(N(y)), k=0,1.2,.. (4.8)
That is

Vi+1(X) =

X rXn-1 X2 X1 X rXn-1 X2 X1
—j f J f Ry, (t)dtdx; ...dx,_4 —f f f f A ()dtdxy ...dx,_; (4.9)
0 J0 0 0 0 J0 0 0
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where A, (x) with k =1,2,3,... are the Adomian polynomials corresponding to the given
nonlinearity.

Numerical Experiments
In this section, few problems are considered for the implementation of the algorithm
explained in the preceding sections.

Problem 1 (Hermann and Saravi (2016))
Consider the second order nonlinear inhomogeneous IVP
y'() +2y()y'(x) —y(x) = Sinh(2x),  y(0) =0, y'(0) =1

Solution
Yo (x) = o(x) + p(x)
Yo(x) =y(0) +xy'(0)=0+x.1=x

B(x) = J: fOTSinh(Zt)dth

1 1
B(x) = —Ex + ZSinh(Zx)
Therefore,
1 1
Yo(x) = x — 5 + ZSinh(Zx)
Thus
x 1
Vo(x) = 5 + ZSinh(Zx).
The recurrence relation is given by

X T X T
yk+1(X) = —Zf f Ak(t)dtd'[ +f f yk(t)dtd'[, k=012,..
0 Y0 0 Y0
where A4, (x) are the Adomian polynomials derived for the nonlinearity (2).

y1(x) = -2 fox fOTAo(t)dtdr + fox J:yo(t)dtdr

yi(x) = -2 fox J:yo(t)y(’)(t)dtdr + fox J:yo(t)dtdr

yi(x) =

—2] j < + - Sl11h(2t)><1+ Cosh(Zt))dtdr+f f( + - Smh(Zt))dth

After simplification, we have

3x 1 1 1 1
y1(x) = — 37 ngosh(Zx) + —=Cosh(x)Sinh(x) + —Smh(Zx) — %Smh(élx)
Also,

y2(x) = =2 jo ’ fo TAl(t)dth+ jo ’ fo Tyl(t)dtdr

Using the appropriate Adomian polynomials as we have it in (2), we get
X

70 =2 [ | GOn© +yo@yi@)adedr + | [ yi@dedr
0o Y0 0o J0
Making necessary substitutions and simplifying gives
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) = 31x+x3 17 Cosh(2x) + 5 Cosh(4 )+115Sinh(2x)+ 1 2 inh(2x)
Y2X) = Ty Tea 12870 T gy XLOSIHAX 1024 16 OtHeX
11Sinh(4x) Sinh(6x)
1024 3072

The solution is given by

YD) = ) @)
n=1

Thus,
y(x) =yo(x) + y1(x) +y.(x) +. ..
Therefore,
( )_177x+x3 33 Cosh(2x) + 5 Cosh(4 )+1C hGOSink +4355‘inh(2x)
Y =512 64 128" % x195_51hz(z ;’S S'xh(68) osh(x)Sinh(x) 1024
1 5. _ 19Sinh(4x inh(6x
16X Sinh(2x) 1024 3072

Problem 2 (Hermann & Saravi, 2016)
Consider the third order nonlinear inhomogeneous IVP
y"' () +y"(x)* +y'(x)* =1 - Cos(x)
with the associated boundary conditions
y(0)=y"(0)=0, y'(0) =1

Solution
Here, the initial approximation y,(x) is obtained using
Yo(x) = o (x) + B (x)

where
x2
Yo (x) = y(0) +xy'(0) + Ey”(O) = x,
and
X T t
L(x) = f f f (1 — Cos(§))dédtdr
o J0 Y0
which gives
X3
B(x) =—x+ =+ Sin(x).
Thus,
x3
Yo(x) =x—x+ <+ Sin(x)
Therefore,

x3
Vo(x) = 3 + Sin(x).
The subsequent members of the series are obtained via the recurrence relation

Vierr () = —foxforfotAk(f) dédtdr — J:J:fotgk(f) dédtdr, k= 0,12, . ..

where A, (x) and By (x) are the Adomian polynomials corresponding to the nonlinearities
N(y) = (y')? and N(y) = (y')? respectively.

Hence, t t
y1(x) = _LXJOTJOAO@ d{dtdr—joijTfOBo(f) dédtdr

Using the corresponding Adomian polynomials, we have

@) = - jo ) jo ' jo g () dededr - fo ) fo ' fo 40 deddr

This eventually gives
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3 5 7

x3 x° x
y1(x) = 10x — < "0 810 + 8xCos(x) — 18Sin(x) + x2Sin(x).

y2(0) = — fo ) fo ' fo 4,(6) dédtdr — fo ) fo ' fo 'B,(6) dedtdr

Using the appropriate Adomian polynomials, we have

yi(x) = — fo ) fo ' fo 295 (€)1 () dédrdr - fo ) fo ' fo 295(©)yi () dedtd
5

Also, we have

This gives

(x) = —584 +73 x+x7+11x9+ i
Y2l X) = XT3 T T 180 T 30240 ' 118800

2 1 16
- ngCos(x) + ZxCos(Zx) + 1606Sin(x) — 295x2Sin(x) + ?x“Sin(x)

148
—1020xCos(x) + Tx3Cos(x)

L 5Sin(x) - = Cos(x)Sin(x)
60x mm(x 405x mix).

The final result is obtained using
Y = ) @)
n=0
Thus,

y(@x) =yo(x) + y1(x) +y.(x) +. ..
Therefore,
11x° N 11x7 N 11x° N x11
60 2520 30240 118800

2 1 16
- §x5Cos(x) + ZxCos(Zx) + 1589Sin(x) — 294Sin(x) + ?x“Sin(x)

7 148
y@)=—5Mx+§x3— —1ommam@)+7;x%mq@

L ysSin(x) — - Cos(x)Sin(x)
6Ox mix 4OSX mix).

Discussion of Results and Conclusion

The derivation of Adomian polynomials for some strong nonlinearities has been presented.
The techniques involved are well elucidated in a manner that facilitates quick understanding
by anyone that has the need to derive the polynomials for whatever form of nonlinearity.
The numerical examples presented fall in the category of the said nonlinearities, just to be
able to demonstrate its usage in the Adomian decomposition method. The correctness of the
solutions of the numerical problems is easily verified by implementing the associated initial
conditions.

References

Abbaoui, K., &Cherruault, Y. (1994). Convergence of Adomian’s method applied to
nonlinear equations. Math. Comput. Modelling, 20(9), 60 — 73.

Abdelrazec, A., & Pelinovsky, D. (2011). Convergence of the Adomian decomposition
method for initial value problems. Numer. Methods Partial Differentail Equations,
24(4), 747 — 766.

Adomian, G. (1994). Solving frontier problems in physics: The decomposition method.
Dordrencht, Kluwer.

Duan, J. (2015). The Adomian polynomials and the new modified decomposition method for
BVPs of nonlinear ODEs. Math. Comp., 4, 1 — 6.

51



Journal of Science, Technology, Mathematics and Education (JOSMED), 15(3), September, 2019

Hermann, M., & Saravi, M. (2016). Nonlinear ordinary differential equations: Analytical
approximation and numerical methods. India: Springer.

Wazwaz, A. M. (2011).Linear and nonlinear integral equations.: Methods and applications.
Higher Education Press, Beijing, and Springer — Verlag, Berlin.

Yisa, B. M., & Issa, K. (2018). Numerical solution of generalized Emden — Fowler equations
by some approximation techniques. J. Nig. Math. Soc., 37, 23 —40.

Yisa, B. M. (2018). Analytical approximate solution of nonlinear initial value problems by

variational iteration method and Adomian decomposition method. JOSTMED, 142),
124 - 134.

52



