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Abstract  
This paper presents an approximate analytical solution capable of predicting the concentration, 
temperature and partial pressure distributions in a process of auto ignition of combustible fluids 
in insulation materials incorporating heat transfer at the surface. The analytical solution is 
obtained via polynomial approximation method, which show the influence of the parameters 
involved on the system. The effect of change in parameters such as the Frank-Kamenetskii 
number and the endothermicity, Nusselt and Lewis numbers are presented graphically and 
discussed.  The results obtained revealed that Frank-Kamenetskii and Nusselt numbers 
enhanced the medium temperature and oxygen concentration while it decreases the fluid 
concentration and partial pressure of vapour. 
 
Keywords: Auto-ignition, Combustible fluids, Heat transfer at the surface, Polynomial  
        approximation method. 
 
Introduction   
Stringent emissions regulations and significant increases in fuel prices are having a marked 
effect on the growth rate of automotive technology development with the objective of reducing 
fuel consumption and improving engine efficiency (Kamil et al., 2014). Controlled auto-ignition 
based combustion systems such as homogeneous charge compression ignition (HCCI) (Aziz et 
al., 2013), stratified charge combustion ignition (SCCI) (Chen et al., 2006) premixed charge 
compression ignition (PCCI) (Kocher et al., 2014), and reactivity charge compression ignition 
(RCCI) (Firmansyah et al., 2013)  are recent engine developments with high efficiency, and low 
emissions and fuel consumption. 
 
These combustion systems are proven to be able to significantly reduce the fuel consumption 
and exhaust emission, but with drawbacks in performance and operating range. The fuel type is 
the most significant parameter in the auto-ignition behavior of a mixture (Krasselt et al., 2013) 
in controlled auto-ignition based combustion systems such as HCCI. A significant number of 
experiments and simulations aimed at improving the understanding of the auto-ignition process 
have been carried out (Lu et al., 2006). Furthermore, most of these investigations used a 
primary reference fuel (PRF) composition that had similar ignition delay properties to those of 
commercial fuel in order to get a better understanding of the auto-ignition process (Saxena et 
al., 2013).  
 
What others have done  
Beever et al. (1994), demonstrated experimentally the phenomenon of autoignition of 
combustible fluids in porous insulation materials and established a simple theoretical model for 
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the onset of thermal runaway, including a modified definition of ignition. Their model equations 
are  
Energy Equation  
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Where standard notation is used for enthalpy H  , temperature T  ,activation energy ( )E  

density (p ) , specific heat (c )p
 , surface area s , and Volume (V ) . The subscripts O2 and (L) 

refer to as oxygen and the combustible liquid, respectively and all dashed quantities are 
dimensional. The remaining terms represent heat transfer coefficient (h1), reaction frequencies 

( )F A  , ambient temperature (T )a
   and  the temperature coefficient for evaporation (T )v

 . 

 
The objectives of this study are to: 
(i)  Formulate one dimensional equation governing the phenomenon.     
(ii)  Obtain the analytical solution using polynomial approximation method  
(iii)  Provide the graphical representation  of the system responses  
 
 Model Formulation  
Here, the work of Olayiwala et al. (2019) is extended by incorporating partial pressure of 
vapour and heat transfer at the surface.  
 The respective conservation equations governing the phenomena are; 
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With the initial and boundary condition: 
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Where  

oxC  is the concentration of oxygen , fC  is the concentration of condensed reactant, 0D  is the 

oxygen diffusion coefficient, fD  is the condense reactant diffusion coefficient ,  is the density 

of the reactant, 0p  is standard pressure, k  is the thermal conductivity of the medium , c  is 

the heat capacity of the medium,Q  is the enthalpy of oxidation (exothermicity), vQ  is the 

enthalpy of vaporization (endothermicity), R  is the universal gas constant, T  is the 

temperature of the medium , E  is the activation energy (reaction), vaE is the activation energy 

(vaporization), 0T  is the initial temperature of the medium, V  is the stoichiometry coefficient, 

0oxC  is the initial oxygen concentration within the insulation black, 0fc  is the initial 

concentration of the uniformly distributed fluid, t  is the time, A  is the pre-exponent factor 

(reaction), F is the pre-exponent factor (vaporization), and   are the order of reaction , r is 

the spatial coordinate, 0D
 is the effective oxygen diffusion coefficient , fD

is the effective 

condensed reactant diffusion coefficient vD is the diffusion coefficient for vapour, vD
 is the 

effective diffusion coefficient, k   is the effective thermal conductivity of the medium, mfk is the 

condensed reactant convective mass transfer coefficient , moxK is the oxygen convective mass 

transfer coefficient, h is the convective heat transfer coefficient, 0hT  is the heat energy 

released per unit time by the reaction 
r

h is the energy flux induced by the motion of the 

boundary energy conservation 
0mf cfk c  is the number of mole per unite time of condensed 

fluid , 
mf r

k  is the mass flux of condensed fluid induced by the motion of the boundary 

preserve mass conservation 0mox oxk c  is the number of moles per unit time of oxidizer that 

diffused into the system for the reaction, 0mox oxk c r is the mass flux of oxidizer. 

 
Method of Solution  
Non-dimensionlisation  
Dimensionless variable for space and time is been introduce as: 

2
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,
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Dimensionless variable for medium temperature, condensed fluid concentration, oxygen 
concentration and partial pressure of the vapour are been introduced as follows:     
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 Using (8) and (9), and after dropping the prime, equation (3)-(7) become. 
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Analytical Solution by Polynomial Approximation Method 
 Using polynomial approximation method, the approximate analytical solution of the question 
(10)-(14) is obtained as:   
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The computations were done using Maple 17 
 
Result and Discussion  
To conclude this analysis we examine the relationship between the Nusselt number (Nu), Lewis 

number (Le), Sherwood number (Sh), Frank-Kamenetskii number ( ) on the transient state 

temperature ( , )r t , the fluid concentration. ( , )r t , the oxygen concentration ( , )r t , the 

average partial pressure of the vapour p( , )r t . Analytical solution given by equation (15)- (18), 

is computed using computer symbolic algebraic package MAPLE  17. The numerical results 
obtained from the method are shown in Figure 1 to 4.  
 
Figure 1 depicts the graph of temperature ( , )r t  against spatial co-ordinate r and time t for 

different values of Nusselt number Nu. It observed that the temperature decreases with time 
and decreases along spatial co-ordinate but increases as the Nusselt number increases.  
 
Figure 2 displays the graph of fluid concentration ( , )r t  against spatial co-ordinate r and time 

t for different values of Nusselt number Nu. It observed that the fluid concentration  decreases 
with time and decreases along spatial co-ordinate but decreases as the Nusselt number 
increases. 
 
Figure 3 shows the graph of oxygen concentration ( , )r t  against spatial co-ordinate r and 

time t for different values of Nusselt number Nu. It observed that the oxygen concentration  
decreases with time and decreases along spatial co-ordinate but increases as the Nusselt 
number increases. 
 
Figure 4 depicts the graph of partial pressure p( , )r t  against spatial co-ordinate r and time t for 

different values of Nusselt number Nu. It observed that the partial pressure decreases with time 
and decreases along spatial co-ordinate but decreases as the Nusselt number increases. 
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Figure 1: Graph of temperature against spatial co-ordinate r and time t for  

      different  value of Nusselt number Nu.  Nu=1 (read), Nu=2(Green) and  
      Nu=4 (Blue) 
 

 
Figure 2: Graph of fluid concentration  against spatial co-ordinate r and time t  

      for different value of Nusselt number Nu.  Nu=1 (read), Nu=2(Green) and  
      Nu=4 (Blue) 
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Figure 3:  Graph of oxygen concentration against spatial co-ordinate r and time  

       t for different value of Nusselt number Nu.  Nu=1 (read), Nu=2(Green)  
       and Nu=4 (Blue) 

 
Figure 4:  Graph of partial pressure  against spatial co-ordinate r and time t for  

       different  value of Nusselt number Nu.  Nu=1 (read), Nu=2(Green) and  
       Nu=4 (Blue) 
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It is worth pointing out that the effects observed in figure 1-4 are important to guide insulation 
materials manufactures so as to provide safety precaution during storage and usage. 
 
Conclusion 

For a high activation energy situation (i.e. as 0 ), we have solved the equations 

governing the auto ignition of combustible fluid in insulation materials incorporating partial 
pressure of the vapour and heat transfer at surface analytically using polynomial approximation 
method. From the result obtained, we can conclude that, Nusselt number enhanced the 
medium temperature and oxygen concentration while it decrease the fluid concentration and 
partial pressure of vapour.   
 
The results obtained are not only expected to guide manufacturers of insulation materials but 
provide safety precautions during storage and usage. 
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