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Abstract

Asymptotic domain analysis of certain improper integral could be performed by using
information obtained from Gaussian distribution. Although the use of the Gaussian approach, a
more specialized transform tool, eases out the computation acquisition techniques, the
conversion becomes difficult. Not many analytic solutions exist for certain improper integral
problems but in using the Gaussian function, we can deduce some of the closed form solution
quite easlly. The objective of the paper is to (i) develop a mortality model for an exponentially
distributed actuarial mortality risk through the technique of factorial function and (ii) apply the
Gaussian integral to evaluate improper integral involving sinusoidal transform. Integral
transform finds application very much in actuarial domain and continuous time finance. The
paper explores an analytical framework for evaluating the effect of structural properties of the
Gaussian on certain improper integrals. In order to achieve this and create an analytically sound
theoretical basis of evaluating improper integrals, the properties of the factorial and Gaussian
functions are first examined. We then obtained the value of certain improper integrals among
which are sine and complimentary sine transform. Specifically, for the presentation, we use the
technique of Gaussian to derive asymptotic and approximation formulae in evaluating the

2

integral  of  the  form f0°° XMz dx. Our  results  reveal  that (i)
. —x2 —t2 u? o —x2 2

J, sin(xt)ez dx= ez fot ezdu + k and (i) [, cos(xt)ez dx=e 2% and that for an
exponentially distributed actuarial risk T, (iif) the instantaneous force of intensity is
approximately equal to the exponential parameter of the distribution.

Keywords: factorial, improper integral, asymptotic, Gaussian function

Introduction

This Paper aims to (i) develop a mortality model for an exponentially distributed actuarial risk
through the technique of factorial function defined by improper integral and (ii) apply the
Gaussian integral to evaluate improper integral involving sinusoidal transform. Integral
transform finds application very much in actuarial domain especially in mortality risk. The paper
explores an analytical framework for evaluating the effect of structural properties of the
Gaussian function on certain improper integrals of analysis and further calls the attention to
some notable applications of Gaussian function in both actuarial probability and risk
perspectives. Improper integral is employed as a basic tool to evaluate factorial function.
Hamarsheh and Rajagopalan (2019), Mubeen and Rehman (2014), Kokologiannaki and Krasniqi
(2013) and Mubeen and Habibullah (2012) gave various definitions of factorial function through
the application of improper integral as a useful mathematical tool in some areas of statistics,
actuarial mathematics and probability because it is capable of providing convenient results
especially in Gamma distribution and related integrals
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fwske—s dS=k! = k(k — 1)(k —2)(k —3)(k- 4)..4.3.2.1
’ 0l=1
k! = k(k — 1)!

Let g be a real valued function of a real variable.
g: Ztu {-1,0} - Z*

1 when k = 0
g(k)={kg(k—1)k>o, kezt
g(0) =1
gl) = 1xg0) =1+1 =1
g2) = 2xg) = 2
g3) = 3+8(2) =6
g(4) = 4xgB3) = 24
gr) = rxgr—-1)

In, Mudunuru, et al (2017), Mubeen and Rehman (2014), and Ibrahim (2013)
k(k —2)(k—4)..53.21 ,k=2m+ 1,k = odd

kD! =
k(k —2)(k—4)..6.4.2.1, k= 2m,k = even

k! = k!l'(k — 1!
Note that (k — 1) can either be even or odd.

Material and Methods
Let X be a non-negative random variable suitable for representing random life time. Its
cumulative distribution function Fx(x) = Pr[X < x] has the following four properties
PriX =d) = elir(ril_ Prle < X <d] = Fx(d)- elir(ril_ Fx(e)
a < b implies Fx(a) < Fx(b) = non — decreasing
lim; , o Fx(d) =1 = sum total of probabilities
lim, _, .+ Fx(d) = Fx(c) = continuity from the right
lim, o- Fx(d) = 0(1) = non- negativity

The probability density function of a random lifetime X be fyx(x,0) and the corresponding
survival function be Sx(x,6), where © is the parameter of the density function and the
distribution and survival functions are related by

Fx(x,0) = 1- Sx(x,0)

By definition, in general, we might write [ fx(x,©0) = Fx(x,0) where fx(x,0) is a function of
two variables. We dwell very much on common assumptions used in literature as stated below
Assumption: (i) % is continuous function in both x and ©.

d2Fx(x0) _ 8%Fx(x0)

(i) 0dx  0x06
(i) fx(x,©) is continuous and non- negative in both x and ©
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T2 = f(x,0)
0 (an(x, e)) _ 9 (an(x, e)) _ ok ©)
ax 20 200 x 200
provided
8 9Fx(x 0) _ ofx(x ©)
f dx ( 90 ) d© - f 90 do
d ,9Fx(x O) fx(x, ©)
/ ax Xae ydx = f Xae dx

d  dFx(x, O)
f& ( 90 ) dx

We define J(©) = [ fx(x ©)dx

fx(x,©) is integrable function of X in the x € [ab]

The probability that a newborn dies between X = a(©) and X = b(O) is

2 0
= %ffx(x, 0)dx = %FX(X,G)

Pra < X <b) = [(KxO)dx = Fx(b,0)- Fx(aO)
Pr@a <X < w) = ["ExO0)dx = Fy(w,0)- Fx(a,0)

where w is the terminal age beyond which no life exist. If a
1

then Pr(0 < X < 0) = [f(xO0)dx =

The probability that a newborn dies between X = xand X = x + 8x is

X + 86x

Prix < X <x+ 8) = |

X

fy (x,0) dx

Prx < X < x+ 6x) = Fx(x + 8x, ©)- Fx(x,0)

J©) = [Ph(x0)dx = Fx(b0)- Fx(aO)

aFx(b, ©) dFx(a, ©)

d b
S J, x(x©)dx =

30 90
taking total derivatives, we have
_ 9Fx(b©) dFx(b,0)

dFyx(b,©) = Yo do + b db
dFx(b0) _  dFx(bO) dFx(b©) db

90 - 90 ab do

similarly
de(a,e) _ 6Fx(a,9) + 6Fx(a,6) d_a

90 - 90 da do
dj®) _  9Fx(b0) + dFx(b©) db 9Fx(a,0) dFx(a,0) da
ao 90 ab do 90 da do
d](e) _ an(b,e) an(b,e) d_b _ 6Fx(a,9) _ an(a,e) d_a
ae 90 ab do 90 ab do
aje) _ 0Fx(O)  9Fx(ao) dFx(b©) db  9Fx(a®) da
ao 90 90 ab do b  do
4© da

ao

b db
[ f(x0)dx + fx(b,0) 52 - fx(a,0)
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Calculus of Factorial Function

Young (2017) defines n! = [ x"e ™ dx (21)

0 = [/ x%™dx = [ e *dx (22)

Letting x = tu. Then dx = tdu and

Jy teTMdu=1 (23)
o _ 1

J, e ™dx= - (24)

Differentiating both sides of (24) with respect to ¢, that is

d oo _ix _da (1

Efo (] t dX—E(;) (25)

Jy —xe™®dx = = (26)

[ xte™*dx

— (27)

hence fooo xe ™dx = =

Differentiating both sides of (26) with respect to t again

[ x2e*dx

fooo —x%e ™ dx = ;—32 hence fooox e Mdx =2—— (28)
[P x3e™™dx = e (29)
0 t4
Jy x*e™™dx = L:_X(b( (30)
t
® 5,-X
fOOOXSe‘tX dx = W (31)
@ 6,-X
fOOOX6e_thX = w (32)
) _ ! foo Ne~Xd
J, x"eT™dx = t:*'l = % (33)
Whent = 1
fooo x"e ¥ dx = n! (34)

In order to test the principles developed above, the exponential distribution is examined to this
effect.

Theorem 2.1: Let the random lifetime of a new born X be exponentially distributed with

parameter ©. Then u(x) = © (35)
Proof

fy(x, ©) = Oe % (36)
fooo Oe dx = 1 (37)
©o _ 1

J, e OxXqx = 5 (38)
dn[ © —GXdX] qn

= (P20 (9)
oo d" _gy an 1

Iy qme = Gl (40)
fooo(—l)“x“e_eX dx = % (41)
fooo Xne—ex dx = enL-:-l (42)

Whenn = 0, fooo e 9% dx :51 (43)
If 6= ;1, Iy e a¥dx = a (44)

Whenn = 1, fooox e 9% dx = 9—12 (45)
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(X) = fooo Oxle %% dx = 51 (46)
Whenn = 2, [“x%e %%dx = > (47)
(X?) = fooo Ox%e %% dx = é (48)
0% -
o= = S (49)
Whenn = 3, fo x3e %% dx = oF (50)
Fx(x,0) = f;( Oe %du = —e_eug = 1-— e (51)
Sx(X,e) = e_ex, lx = loSX(X,e) (52)
Iy = lpe™O% (53)
I, = —Olye % (54)
_lx’
() = 3= = 0 (55)
Following, Ogungbenle and Adeyele (2020), the instantaneous rate of mortality is estimated as
o= {31x+4 + 36lg4p + 251y —161g43 — 4»81X+1} (56)
- 121,

Where 1, is the expected number of survivors at age x, 1, is the radix of mortality table and ©
is the estimated mortality intensity.

Methods and Solutions
Euler's Integral and Normal Distribution

Among all the continuous probability distributions, the normal distribution is very prominent
because it evolves in many applications. As we see in Straub (2014), Chesneau and Navarro
(2018), Chesneau and Navarro (2019), its main use lies in the central limit theorem where the
sample mean has a normal distribution if the sample size is very large. In view of Soranzo and
Epure (2014), using the normal approximation, we estimate the Euler’s integral with the
Gaussian distribution using linear transformation oy =x —u. This approximation can be
justified by the central limit theorem, since the sum of independent random variables tends to a
normal random variable as the number in the sum increases. A random risk X is said to have a
normal distribution if its probability density function is given by. In order to ease out the
evaluation of sinusoidal transform, we first of all examine the Gaussian function below

1 _l[ﬂ]z
f(x)=mezc , =00 < X < 00 (57)
let, y = % > 0oy = X—Q (58)
ody = dx (59)
1 o _l[ﬂ]z 1 oo 12 1
¢x) = sHEfoeteldx = [ e dy = - (60)
gy) = [2 e Pay = v (61)

Normal distribution was originally developed as an approximation to the binomial distribution
when the number of trials is large and the Bernoulli probability p is not close to 0 or 1. It is also
the asymptotic form of the sum of random variables under a wide range of conditions. In
Kallenberg (1997), we observe that the development of the distribution is often ascribed to
Gauss who applied the theory to the movements of celestial bodies. The key reason is that
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large sums of small random variables often turn out to be normally distributed. Z ~ N(0,1) is
normally distributed with parameters 0 and 1. The distribution function is denoted

oo _1r92
b = =" el dy (62)
-(+x))t?
o e 2
Let I(t) = fO de (63)
Letting x = tanA
10) =[] —5dx=7 lie whenx =y (63b)
a1(t) w | e
S0 =l —te T dx (64)
a1(t) ‘(tx)z
? = —tez f (65)
Lety = tx, then dy = tdx
a1(t) =2 o 2 x
=5 = ezf ezdy:—ezf eZdX (66)
ZO=fe 2dxerdtk—>oo (67)
xZ
0— 2 =-[f ez dx]? (68)
fooo ez dx = g = %H (69)
_x2
2 ez dx = v2I (70)
_y2
n=0, [° e%dy = V2II (71)
Lety = xvt = dy = +tdx (72)
0 —tx2
f_oo ez ytdx = V2II (73)
—tx2 1
2 ¢z dx = V2 t2 (74)
Differentiate both sides of (74) with respect to t, using differentiation under the integral sign on
the left,
_tx2
(22 e ax= ~Lyae o (75)
oo —tx 2
[ x*ez dx = \/ZHt_f (76)

Differentiate both sides of (75) with respect to t, using differentiation under the integral sign on
the left and so on like that, we have

oo x* —tx? 5 o0 ﬁ _5

f_ooXZe z dx = E\/ Mtz = f x*e¢ 2 dx = 1x 3V2It 2 (77)
. —tx? x2 7

[ 5 dx= DAt = [Txfez dx = 1+ 3« 52N (78)
w x8 & 15x7 —tx? 2

f_oo1—6e2 dx = = \/Zth = f_ooxez dx = 1% 3% 5%x7+2IIt 2 (79)
o x10 —tx _u

(0 0 22 e &0

o =z _u
S xPez dx = 1%3%5x7x9V2IIt 2
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o —tx? m-1
S xMez dx= 1% 3% 5*..xX(m—1)V2IIt 2 (81)

0 —tx?2 m
f_ooxmerx = 1% 3«5+, (m—-1t 2 % (82)
Whent — 1

_x2

J2 xMez dx = 1% 3% 5%..% (m— 1)V2II (83)
Whent — 2

JZ xMe™dx = 1% 3% 5%..x (m—1) 277 VT using (63b), we have
[2 xMe X dx = 1% 3% 5x.% (m—1)272/2I(0)

Evaluation of the Sinusoidal Sine Transform Using the Gaussian Distribution

In view of Yip (2000), Young (2017) and Zhang and Zhang (2019), integral transforms using
sine and cosine functions as the integral kernels specify a grey area in mathematical analysis. It
is dependent on the half range expansion of function over a set of cosine or sine basis
functions. Since cosine and sine kernels do not possess the nice properties structure of an
exponential kernel, the transform properties do not seem to be elegant but much more
involving than the corresponding ones for the Fourier transform kernel. In view of these noted
computational limitations, sine and cosine transforms have useful applications especially in
analysis and modeling of seasonal interest rates, present value analysis, spectral analysis of real
sequences, in solutions of some boundary value problems and in transform domain processing
of digital signals,

S(t) = fooosin(xt)e#dx, S(0) =0 (84)
S'(ty = foooxcos(xt) e_TXZdX, S'(0) = ffoooxe_szdX (85)
S” (b =—fowxzsin(xt)e_Zizdx,S”(O) =0 (86)
S"() = — fooox3cos(xt)e_TX2dx, §"(0) = — fo°°x3e_TX2dx (87)
S = fooox“sin(xt)e_zizdx, SWWO) =0 (88)
SCm) = 0, SCGMHU(t) = (—1)m+2 foooxzm“e_szdx,m =0,1,23,.. (89)
SCm+D () = (—1)m+2xm+l fowxme_zizdx (90)
e e (91)

This is the relation between the sine transform and Euler’s integral.

Theorem 3.2

2
. = 1
fooo sin(xt) e z dx~ -

Proof

S'(t)y = fooo xcos(xt) e_ziz dx (92)
we integrate by parts to obtain

u = cos(xt),dv = x e_ziz (93)
du = —tsin(xt)dx,v = [x e_TXZ dx (94)
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letting U = x? = dU = 2xdx so that

v :fxe_z_ug—gzife%du = —e_z_U (95)
vV = —ex (96)
S'(t) = —e%cos(xt) -t foo e%sin(xt) dx (97)
S'(t) = —ez cos(xt) [y — t S (98)
S'(t) = —[0—1] — t S(v) (99)
S'’(t) =1 —tS(t) (100)
S'() + tSH) - 1=0 (101)
the mtegratmg factor is u(t) = ehhudu — o7 (102)
S'(Dez + tS(Des — ez = 0 (103)

2\’ t?
<s(t)e7> = ez (104)
S(t)e% = fteu7 du + k (105)
S(ty = ez fez du + k
S(0) =k =0 (106)
f sm(xt)ez dx= ez fez du + 0 (107)
<whent = 1,f0 sin(x) e dx= ez fo ez du) (107b)

To compute the integral at the right hand side, we split the range of the integral arbitrarily

u?
tidez

UZ UZ
ez |lu=t tez
'7] >+k7“u

u2 u t2 1 u2
t_du—fl 2 d le7 —e2 ft—l 2 d
2 = -
foe 0 © u+te e +0ue u

erdu—erd + [

fote7du = foleru+ <

2

t
From my observation, the expression on the right hand side is dominated by %e? to the extent

t2
that as t — o, each term at the right hand side is less than %e7

u2 t2

f ez du~le2
2

. 1
fo sm(xt)e 2 dx~=

The Complementary Sine Transform of the Gaussian Distribution
We observe in Polyanin & Manzhirov (2008); Yip (2000); Young (2017), and Zhang and Zhang
(2019) that the complementary sine integral transform is defined as

C(t) = f cos(xt)e z dx (108)
This is equivalent to replacing sin(xt) in equation (84) by cos(xt)
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_x2 o =X
c(0) = fooo cos(0)ez dx= [ ez dx= g

—x2
c'w® = fooo —xIsin(xt) ez dx
—x2

C'(0) = f;"—0xsin(0)ez dx =0

—x?

c'() = fo —x?cos(xt) e z dx
X2
c"(0) = J;° —x*cos(0) eT dx= —["x%ez dx
X2
c@ = fooox3sin(xt) ez dx
C"'(0) = 0

—x2

cC® = [ * x*cos(xt) erx
civ) = f x*cos(0) ez : dx = f xte 2 dx

CWw) = f —xSsin(xt) e 2 2 dx
2
cV@) = f —X sm(O)e z dx=0
cVi) = f —X cos(xt) e_: dx
2

cvd) = fo —x%e72 dx
2
C®@ = (-n° fOOOXchos(xt)erx

—x2
CEOWO) = (D" ["x*ez dx, k = 0,1,2,3,4, ..

Theorem 3. 3

—x2 t2
f cos(xt) ez dx = e 252
Proof

C'() =[; —x!sin(xt)ez dx

_x2
u = sin(xt),dv = xez
_x2
du = tcos(xt)dx, v = [xe2 dx
letting U = x? = dU = 2xdx so that
e v &t
v =fxe2§——fe2du = —e2
oo T
2 o X
—C'(Y) = —ezsin(xt) —t [ —e2 cos(xt)dx
2 %2
c'(t) = Tsm(xt) -t f e 2 cos(xt) dx
2
C'(t) = Tm(xt)|0 —tC)

—x2

C'() = ezsin@)|, —tC
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C'(t) = —tC( (132)
% = —t = dlog,C(t) = —t (133)
l0g.C(V) = = + K, (134)
o) = ez (135)
C0) = ez = \E (136)
K; = loge [\/g] (137)
fooo cos(xt) e_Ziz dx = loge [\/g] e_é (138)
S() +CH = s [fote“z—z du + log, [ \/g” (139)

S(0) + C(0) = [loge \EH and

S(H+cCc() = e_Tl f01 euz_2 du + log, [\/g”

Discussion of Results

In this paper we have presented different properties of the Gaussian function as applicable in
sinusoidal problems, provided with simple proofs. However, based on the definitions in section
3, we present the following discussions

2loge [\/% —t2
2

C(t) = fooo cos(xt) e2dx = e (140)
2 2loge [E]
CO)=[f"ez dx =e z (141)
2loge [\/g] —t2
Ct) = —2te 7z (142)
2 2loge [\E‘ —t2
C't) = fooo —x!sin(xt)ez dx = —-2te 2 (143)
C'(0) =0
2loge Jg] —t2 2loge [\/% —t2
C') = -2 7 4+ 42e 7 (144)
—x2 2loge [E] -t2 2loge [\/% -2
c' = fooo —x%cos(xt)ez dx = —2e 2 + 4t%e 2 (145)
¢’ = fooo —x%e2 dx = —2e 2 (146)
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2loge N% —t2 2loge [\/g] —t2 2loge [\/% —t2
v = —

C'"'(t) = 4te 2 + 8te 2 — 8t3e (147)
2loge [\/% —t2 2loge [\/% —t2
C"(t)= 12te= =2z  -—-8t%¢ 2 (148)
2 2loge Jg] —t2 2loge [\/g] —t2
c@ = fooo x3sin(xt) ez dx = 12te 2 — 8t3e 2 (149)
c'"" =0
2loge [\/% —t2 2loge [Jg] —t2 2loge [\/g] —t2 2loge [\/g] —t2
CV(t) = 12 2z —24t%e 2  —24t?e” 2z  + 16t*e  z  (150)
2loge [\/% —t2 2loge \/g] —t2 2loge \/g] —t2
CV(t) = 12e =z  —48t?e 2z  + 16t*e” 2z (151)
52 2loge [\/% —t2 2loge [\/% —t2 2loge [\/% —t2
fooo x*cos(xt)ez dx = 12e 2 — 48t%e 2 + 16t*e 2 (152)
- —x2 2loge [\/g]
CV(0) = ["x*e2 dx = 12e 2 (153)
2loge [\/% —t2 2loge [\E] —t2 2loge \/g] —t2 2loge [\/g] -t2
CV(t) = —24te  z  —96te 2z  —96t3%¢ 2z  + 64t3%e 2z —
2loge [\/% —t2
32t 2z (154)
2loge [\/g] —-t2 2loge [\/g] —t2 2loge [\/% —t2
C'(t) = —120te” 2z  —32t%¢ 2z  —32t°¢ 2z (155)
52 2loge [\/g] —t2 2loge [J% —t2 2loge [J% —t2
Jy —xSsin(xt)ez dx = —120te =z  —32t% 2z  —32t%¢ 2z (156)
2loge [\/%1 —-t? 2loge [E] —-t2 2loge [@ —-t? 2loge [\/g] —-t?
CVD(t) = —120e” 2 + 240t%e 2z —96t%e 2z 4+ 64t*e 2z
2loge [E] —-t? 2loge [E] —-t?
— 160t*e 2 + 64t%e 2
(157)

COD() = —120e 2 + 144t2¢ z  —96tte 2 + 64tde

2loge Ug —t2 2loge [Jg] —t2 2loge [\/g] —t2 2loge [\/g] —t2
2

21



Journal of Science, Technology, Mathematics and Education (JOSTMED), 16(4), December, 2020

I 2 I 2
) 2loge [H -t 2loge [\/;] -t
2

2loge [\/g] —t2
—z 4+

fooo —x%cos(xt)ez dx = —120e 2z  + 144t%e — 96tte
2loge Ug —t2
64t 2 (158)
e 2loge Jg]
cD(0) = ["—x%=z dx = —120e z (159)
implying
e 2loge [ jg]
J, x%ez dx = 120 z (160)
Conclusion

In this paper we have focused on the characterization properties of the Gaussian function which
will be useful to a large audience. The Gaussian integral is analytically presented and used to
estimate the instantaneous rate of death for an exponentially distributed mortality. An
observable problem in actuarial risk is the intensity of mortality describing instantaneous rate of
mortality at a specified age measured on an annual basis. The actual mortality intensity is often
unknown as the true curve of death can be modeled from available mortality data. The varying
degrees of mortality uncertainties and the quest for evaluating certain improper integral are
therefore responsible for the emergence of approximating models to provide solution for
sinusoidal problem. Furthermore, the Gaussian function has been successfully applied to
present insights into sinusoidal sine and complimentary sine transform. Part of the motivation in
using the Gaussian is its ability to permit an alternative technique to obtain analytically useful
model to evaluate certain complex but useful improper integrals.
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