
  
Journal of Science, Technology, Mathematics and Education (JOSTMED), 21(1), March, 2026 

176 
 

NUMERICAL TECHNIQUE FOR SOLVING FRACTIONAL GENERALIZED FISHER-
KPP'S EQUATION USING COMPACT-FINITE-DIFFERENT METHODS TOGETHER 

WITH SHIFTED ULTRASPHERICAL COLLOCATION METHOD  

ADESHOLA, A. D.
1
, ISSA, K.2, BELLO, R. A.3, SULAIMAN, M. H.4, & ISHAQ, A. A.5  

1,2,3,&4Department of Mathematics and Statistics, Kwara State University,  
Malete, Kwara State, Nigeria. 

5Department of Physical Sciences, Al-Hikmah University, Ilorin, Nigeria. 

Email: issa.kazeem@kwasu.edu.ng     Phone Number: +234803 655 4437 
 

Abstract 
In this article, we propose an accurate numerical scheme for solving the fractional-order Fisher-
Kolmogorov-Petrovsky-Piskunov (Fisher-KPP) equation, an important model in physics and 
engineering mathematics. The fractional derivative is defined in the sense of the Liouville-
Caputo (LC) operator. The method combines a compact finite difference scheme (CFDS) for 
the temporal discretization with a spectral approach based on shifted ultraspherical 
polynomials for the spatial approximation. This approach transforms the original problem into 
a system of algebraic equations that can be solved efficiently. Theoretical analyses, including 
convergence and stability proofs, are provided to support the 
proposed scheme. Finally, numerical simulations are presented to demonstrate the accuracy 
and effectiveness of the method. 
 
Keywords: Compact finite difference scheme (CFDS), Fisher's equation, Liouville-Caputo 
fractional derivative (LFD), shifted ultraspherical collocation method (SUCM), shifted 
ultraspherical polynomial. 
 
Introduction 
In recent years, mathematics has played a central role across all industries and major economic 
sectors. It is also essential in numerous real-life applications. As a natural consequence, it has 
become necessary to relate and connect real-world problems through mathematical modeling. 
In fields such as physics, chemistry, and biology, many reaction diffusion equations feature 
moving wavefronts, which are commonly encountered when modeling real-world phenomena 
(Abdeljawad & Baleanu, 2018, 2017). Reaction-diffusion models are powerful mathematical 
tools that describe how the concentration of one or more substances changes over space and 
time under the influence of two processes: first, local chemical reactions that convert 
substances into one another, and second, di_usion, which accounts for the spatial distribution 
of these substances. One of the most prominent examples is the classical Fisher-Kolmogorov-
Petrovsky-Piskunov (Fisher-KPP) equation, which has found wide application in engineering 
and other scientific fields Newman (1980). However, the classical Fisher-KPP equation is not 
always sufficient for capturing complex behaviors in such models. The fractional-order Fisher-
KPP equation o_ers a more accurate and effective framework for describing these phenomena 
Zhang & Liu (2014); Youssef et al. (2022). Fractional differential equations (FDEs), which 
involve fractional derivative operators, have proven to be more precise than classical models 
for capturing various real-world processes. Fractional calculus plays a significant role in 
modeling and understanding phenomena in scienti_c _elds Agarwal & El-Sayed (2020); 
Sweilam et al. (2020); Khader & Adel (2020); Mabrouk et al. (2024); Kedia et al. (2024); Nagy 
& Issa (2024). Despite their e_ectiveness, most fractional and variable-order differential 
equations lack exact analytical solutions. Therefore, numerical and approximate methods 
remain the primary tools for solving these equations. Various numerical techniques have been 
developed for this purpose, including the finite difference method Issa et al. (2022), the 
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wavelet collocation method Oruç (2020), the homotopy perturbation method Aġirseven & Oziş 
(2010), the residual power series method Al-Qurashi et al. (2017),, to mention but few. 
 
Among the most powerful approaches for solving differential equations-whether partial, 
fractional, or of variable order-are spectral methods Atta et al. (2020). These methods are 
particularly valued for their ability to achieve highly accurate results with relatively few degrees 
of freedom Nagy & Issa (2024); Kumar et al. (2024); Sweilam et al. (2021). A key advantage 
of spectral methods lies in the orthogonality properties of special polynomials, such as shifted 
ultraspherical polynomials, which are used to approximate functions over a given interval [a; 
b] Issa et al. (2022); Izadkhah & Saberi-Nadja_ (2015). These polynomials play an important 
role in the spectral analysis of FDEs Nagy & Issa (2024). Therefore, the primary aim of this 
study is to investigate the fractional generalized Fisher-Kolmogorov-Petrovsky-Piskunov's 
equation using Liouville-Caputo (LC) derivative of the form: 
 

{
 
 

 
 
𝜕𝒵(𝑥, 𝑡)

𝜕𝑡
= 𝛾𝒟𝑥

𝜇
𝒰(𝑥, 𝑡) + 𝜌(1 − 𝒰(𝑥, 𝑡)), 1 < 𝜇 ≤ 2, 0 < 𝑥 ≤ 1,

𝒰(0, 𝑡) = 𝜓(𝑡), 0 < 𝑡 ≤ 𝒯
𝒰(1, 𝑡) = 0, 0 < 𝑡 ≤ 𝒯

𝒰(𝑥, 0) = 0.

 

 
(1) 

 

where 𝒟𝑥
𝜇
𝒰(𝑥, 𝑡) is LC fractional derivatives operator, 𝛾 is the diffusive constant and the 

reactive constant is written as 0 ≤ 𝜌 ≤ 1. When 𝜇 = 2, equation (1) becomes classical linear 

form of Fisher-KPP's equation. The exact solution to the classical form of equation (1) is given 
as follows: 

𝒰(𝑥, 𝑡) = 1 −
cosh 𝑥

cosh 1
−
16

𝜋2
∑ 

∞

𝑖=1

(−1)𝑖cos (0.5𝜋(2𝑖 − 1)𝑥

(2𝑖 − 1)(𝜋2(2𝑖 − 1)2 + 4)
exp ((−1 − 0.25𝜋2(2𝑖 − 1)2)𝑡) 

 
(2) 

 
Several numerical approaches have been developed to solve Eq. (1), including the finite 
difference method Alshammari & Mashat (2017) and the Vieta-Lucas collocation method 
Youssef et al. (2022). In the present study, we aim to investigate the accuracy of the shifted 
ultraspherical collocation method, whose solutions generalize those obtained using Legendre 

polynomials when 𝛼 =
1

2
, Chebyshev polynomials of the second kind when 𝛼 = 1, and other 

classical orthoonal  polynomials for different values of 𝛼. This method is combined with the 

compact finite difference technique for the discretization of the time derivative. 
 
The structure of the paper is organized as follows: Section 2 introduces the  properties of the 
LC fractional derivative and the shifted ultraspherical polynomials (SUP) utilized throughout 
the study. Section 3 describes the numerical scheme. Section 3.1 is devoted to the analysis of 
convergence and stability. In Section 4, we present numerical stimulation at various values of 
the parameters to demonstrate the effectiveness and accuracy of the scheme. Finally, Section 
5 provides concluding remarks and summarizes the main findings. 
 
2. Preliminaries 
In what follows, we present essential definitions and mathematical preliminaries related to the 
fractional derivative (FD), along with key properties of ultraspherical polynomials, which are 
fundamental to the development of the methods proposed in this paper. 
 
Definition 1 (LC fractional derivative) Podlubny (1999) 
Suppose 𝜇 ∈ ℝ and 𝑥 ∈ [𝑎, 𝑏], then the 𝐿𝐶 fractional-order derivative operator 𝒟𝑎

𝜇
𝑓(𝑥) of 

order 𝜇 is defined as follows: 
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𝒟𝑎
𝜇
𝑓(𝑥) =

1

Γ(𝑛 − 𝜇)
∫  
𝑥

0

𝑓𝑛(𝑡)

(𝑥 − 𝑡)𝜇+1−𝑛
𝑑𝑡, 𝑛 − 1 < 𝜇 ≤ 𝑛, 𝑛 ∈ ℕ, 

(3) 

 

Theorem 2.1 Let 𝒰(𝑥) and 𝒱(𝑥) be two functions defined on [𝑎, 𝑏] such that 𝒟𝑎
𝜇
𝒰(𝑥) and 

𝒟𝑎
𝜇
𝒱(𝑥) exist almost everywhere. Also, let 𝜈 and 𝜆 ∈ ℝ. Then, 𝒟𝑎

𝜇
(𝜈𝒰(𝑥) + 𝜆𝒱(𝑥)) exists 

almost everywhere, and 

𝒟𝑎
𝜇
(𝜈𝒰(𝑥) + 𝜆𝒱(𝑥)) = 𝜈𝒟𝑎

𝜇
𝒰(𝑥) + 𝜆𝒟𝑎

𝜈𝒱(𝑥) (4) 

𝒟𝜇𝐺 = 0, G is a constant, 

𝒟𝜇𝑥𝑖 = {

0,  for 𝑖 ∈ ℕ0 and 𝑖 < ⌈𝜇⌉
Γ(𝑖 + 1)

Γ(𝑖 + 1 − 𝜇)
𝑥𝑖−𝜇 ,  for 𝑖 ∈ ℕ0 and 𝑖 ≥ ⌈𝜇⌉

 . 

(5) 

The function ⌈𝜇⌉ denotes smallest integer greater than or equal to 𝜇, ℕ = {1,2… } and ℕ0 =
{0,1,2… }. 

The proofing of the theorem is contained in Podlubny (1999). 

2.1 Shifted ultraspherical polynomials (SUP) ℂ𝒊
(𝜶)
(𝒙) 

In this paper, the ultraspherical polynomials {ℂ𝑖
(𝛼)
(𝑥), 𝑖 = 0,1, … } are employed due to their 

generalization of several well-known families of orthogonal polynomials. Specifically, when 𝛼 =
1

2
, the ultraspherical polynomials reduce to the Legendre polynomials, and when 𝛼 = 1, it gives 

Chebyshev polynomials of the second kind. The ultraspherical polynomials (ℂ𝑖
(𝛼)
(x)) is an 

orthogonal polynomials of degree 𝑖 in 𝑥 ∈ [−1,1] with respect to weight function 𝜔(𝑥) =

(1 − 𝑥2)
(𝛼−

1

2
)
 is defined as follows Izadkhah & Saberi-Nadjafi(2015); Szegö (1975): 

ℂ𝑖
(𝛼)
(𝑥) =∑  

𝑖

𝑗=0

(−1)𝑗Γ(2𝛼 + 2𝑖 − 𝑗)Γ (𝛼 +
1
2)

(𝑖 − 𝑗)!Γ(𝑗 + 1)Γ (𝑖 − 𝑗 + 𝛼 +
1
2)Γ(2𝛼)

𝑥𝑖−𝑗. 

 

(6) 

The recurrence form is given by 

ℂ𝑖
(𝛼)(𝑥) =

1

𝑖
[2(𝑖 + 𝛼 − 1)𝑥ℂ𝑖−1

(𝛼) (𝑥) − (𝑖 + 2𝛼 − 2)ℂ𝑖−2
(𝛼) (𝑥)] , 𝑖 ≥ 2, 

(7) 

where ℂ0
(𝛼)(𝑥) = 1, ℂ1

(𝛼)(𝑥) = 2𝛼𝑥. 

The corresponding shifted form is defined as: 

ℭ𝑖
(𝛼)(𝑥) =

1

𝑖
[2(𝑖 + 𝛼 − 1)(

2𝑥 − (𝑎 + 𝑏)

𝑏 − 𝑎
) ℭ𝑖−1

(𝛼) (𝑥) − (𝑖 + 2𝛼 − 2)ℭ𝑖−2
(𝑎) (𝑥)] , 𝑖 ≥ 2, 𝑥

∈ [𝑎, 𝑏] 

(8) 

 

where ℭ0
(𝛼)
(𝑥) = 1, ℭ1

(𝛼)
(𝑥) = 2𝛼 (

2𝑥−(𝑎+𝑏)

𝑏−𝑎
). The explicit analytic form for the SUPℭ𝑖(𝛼)(𝑥) of 

degree 𝑖 defined in the interval [0,1] is given as: 
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ℭ𝑖
(𝛼)(𝑥) =∑  

𝑖

𝑗=0

(−1)𝑗Γ(2𝛼 + 2𝑖 − 𝑗)Γ (𝛼 +
1
2)

(𝑖 − 𝑗)!Γ(𝑗 + 1)Γ (𝑖 − 𝑗 + 𝛼 +
1
2
)Γ(2𝛼)

𝑥𝑖−𝑗. 

 

(9) 

The orthogonality condition corresponding to the interval 𝑥 ∈ [𝑎, 𝑏] is defined as follows: 

⟨𝐶i
(𝛼)
(𝑥), 𝐶𝑗

(𝛼)
(𝑥)⟩

=

{
  
 

  
 
∫  
1

−1

  (1 − 𝑥2)
(𝛼−

1
2
)ℂi
(𝛼)
(𝑥)ℂ𝑗

(𝛼)
(𝑥)𝑑𝑥 = {

0,  for 𝑖 ≠ 𝑗

𝜋21−2𝑎Γ(𝑖 + 2𝛼)

𝑖!Γ(𝛼)𝐼2(𝑖 + 𝛼)
,  for 𝑖 = 𝑗

∫  
1

0

  (𝑥 − 𝑥2)
(𝛼−

1
2
)ℭi
(𝛼)
(𝑥)ℭ𝑗

(𝛼)
(𝑥)𝑑𝑥 = {

0,  for 𝑖 ≠ 𝑗

𝜋21−4𝛼Γ(𝑖 + 2𝛼)

𝑖!Γ(𝛼)‖2(𝑖 + 𝛼)
,  for 𝑖 = 𝑗,

 

 

(10) 

Let 𝒰(𝑥) be a square integrable function in the interval [𝑎, 𝑏], then 

𝒰(𝑥) =∑  

∞

𝑖=0

𝛽𝑖𝐶𝑖
(𝛼)
(𝑥) 

(11) 

 

where the coefficients 𝛽𝑛, 𝑛 = 0,1, … ,𝒩 is defined as: 

𝛽𝑖 =

{
 
 

 
 𝑖! [Γ(𝛼)]

2(𝑖 + 𝛼)

𝜋21−2𝛼Γ(𝑖 + 2𝛼)
∫  
1

−1

  (1 − 𝑥2)𝛼−
1
2𝒰(𝑥)ℂ𝑖

(𝛼)
(𝑥)𝑑𝑥, 𝑥 ∈ [−1,1]

𝑖! [Γ(𝛼)]2(𝑖 + 𝛼)

𝜋21−4𝛼Γ(𝑖 + 2𝛼)
∫  
1

0

  (𝑥 − 𝑥2)𝛼−
1
2𝒰(𝑥)ℂ𝑖

(𝛼)
(𝑥)𝑑𝑥, 𝑥 ∈ [0,1]

 

 

(12) 

depending on the interval of equation (1). 
Only the first (𝒩 + 1)-terms of shifted ultraspherical polynomials are needed in the 

approximation. Therefore, equation (11) becomes 

𝒰(𝑥) ≈ 𝒰𝒩(𝑥) = ∑  

𝒩

𝑛=0

𝛽𝑛𝐶𝑛
(𝛼)(𝑥). 

 

(13) 

Theorem 2.2 Let 𝒰𝒩(𝑥)be an approximate solution of equation (1), then LC fractional 

derivative of 𝒰𝒩(𝑥) is given as: 

𝒟𝑎
𝜇
(𝒰𝒩(𝑥)) = ∑  

𝒩

𝑛=[𝜇]

∑  

𝑛−[𝜇]

𝑘=0

𝛽𝑛ℋ𝑛,𝑘𝑥
𝑛−𝑘−𝜇 . 

 

(14) 

where 

ℋ𝑛,𝑘 =
(−1)𝑘Γ(2𝛼 + 2𝑛 − 𝑘)Γ (𝛼 +

1
2)

Γ(𝑘 + 1)Γ (𝑛 − 𝑘 + 𝛼 +
1
2)Γ

(2𝛼)Γ(𝑛 + 1 − 𝑘 − 𝜇)
. 

 

(15) 

See Issa et al. (2022) for the proof. 

Numerical Scheme 
In this section, we employ a combination of the compact finite difference scheme (CFDS) and 
the shifted ultraspherical collocation method to obtain a numerical solution of equation (1). 
We begin by deriving a time-discrete scheme based on CFDS. To this end, we define the time 

mesh points as 𝑡𝑗 = 𝑗𝛿𝑡 for 𝑗 = 0,1, … ,ℳ, where 𝛿𝑡 =
𝜏

ℳ
. For the spatial discretization, we 
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employ collocation points ℭ𝑁−[𝛾]+1
(𝑎)

(𝑥𝑖), with 𝑖 = 0,1, … ,𝒩 − ⌈𝛾⌉ + 1. 

Let 

𝒰𝒩(𝑥, 𝑡) = ∑  

𝒩

𝑛=0

𝛽𝑛(𝑡)ℭ𝑛
(𝛼)(𝑥), 

(16) 

be the approximate solution of equation (1), therefore equation (1) becomes: 

𝜕𝒰𝒩(𝑥, 𝑡)

𝜕𝑡
= 𝛾𝒟0+

𝑢 𝒰𝒩(𝑥, 𝑡) + 𝜌(1 − 𝒰𝒩(𝑥, 𝑡)), 
(17) 

Now, applying Taylor's expansion, equation (17), becomes: 

𝛿𝜏𝒰𝒩(𝑥𝑖, 𝑡𝑗) +
𝛿𝜏

2

𝜕2𝒰𝒩(𝑥𝑖, 𝑡𝑗)

𝜕𝑡2
+ 𝒪(𝛿𝜏2) = 𝛾𝒬0+

𝜇
𝒰𝒩(𝑥𝑖, 𝑡𝑗) + 𝜌 (1 − 𝒰𝒩(𝑥𝑖, 𝑡𝑗)). 

(18) 

Differentiating equation (1) with respect to 𝜏 and substitute the resulting equation in equation 

(18), we obtain: 

𝛿𝜏𝒰𝑁𝑖
𝑗
= 𝛾𝒟0+

𝑢 𝒰𝑁𝑖
𝑗
+ 𝜌(1 − 𝒰𝑁𝑖

𝑗
) −

𝛿𝜏

2
[𝛾 (

𝒟0+
𝑢 𝒰𝑁𝑖

𝑗
−𝒟0+

𝑢 𝒰𝑁𝑖
𝑗−1

𝛿𝜏
) − 𝜌(

𝒰𝑁𝑖
𝑗
−𝒰𝑁𝑖

𝑗−1

𝛿𝜏
)], 

(19) 

simplifying equation (19), we obtain: 

𝐴1𝑈𝑁𝑖
𝑗
− 𝐴2𝒟0+

𝑢 𝑈𝑁𝑖
𝑗
= 𝐴3𝑈𝑁𝑖

𝑗−1
+ 𝐴2𝒟0+

𝑢 𝑈𝑁𝑖
𝑗−1

+ 𝜌𝛿𝜏, (20) 

where 𝐴1 =
2+𝑝√𝜏

2
, 𝐴2 =

𝛾𝛿𝜏

2
 and 𝐴3 =

2−𝑝𝜎1𝜏

2
. 

Substitute equations (13) and (14) in equation (20), we obtain 

𝐴1∑ 

𝒩

𝑛=0

 𝛽𝑛
𝑚ℭ𝑛

(𝛼)(𝑥) − 𝐴2 ∑  

𝒩

𝑛−[𝜇]

  ∑  

𝑛−[𝜇]

𝑘=0

 𝛽𝑛
𝑚ℋ𝑛,𝑘𝑥

𝑛−𝑘−𝜇

 = 𝐴3∑  

𝒩

𝑛=0

 𝛽𝑛
𝑚−1ℭ𝑛

(𝛼)(𝑥) + 𝐴2 ∑  

𝒩

𝑛=[𝜇]

  ∑  

𝑛−[𝜇]

𝑘=0

 𝛽𝑛
𝑚−1ℋ𝑛,𝑘𝑥

𝑛−𝑘−𝜇 + 𝜌𝛿𝜏.

 

 

 

(21) 

 

At degree 𝒩 = 3, collocating equation (21) at 𝑥 = 𝑥𝑖, 𝑖 = 0,1,… ,𝒩 − ⌈𝜇⌉ + 1, and simplify the 

resulting equation, we obtain: 

𝐴1𝛽0
𝑚 + 𝐵1𝛽1

𝑚 + 𝐵2𝛽2
𝑚 + 𝐵3𝛽3

𝑚 = 𝐴3𝛽0
𝑚−1 + 𝐵4𝛽1

𝑚−1 − 𝐵2𝛽2
𝑚−1 + 𝐵5𝛽3

𝑚−1 + 𝜌𝛿𝜏, (22) 

where 

𝐵1 = 𝐴1ℭ1
(𝛼)(𝑥𝑖)

𝐵2 = −𝐴2𝑥𝑖
2−𝜇ℋ2,0

𝐵3 = 𝐴1ℭ3
(𝛼)(𝑥𝑖) − 𝐴2(𝑥𝑖

3−𝜇ℋ3,0 + 𝑥𝑖
2−𝜇ℋ3,1)

𝐵4 = 𝐴3ℭ1
(𝛼)(𝑥𝑖)

𝐵5 = 𝐴3ℭ3
(𝛼)(𝑥𝑖) + 𝐴2(𝑥𝑖

3−𝜇ℋ3,0 + 𝑥𝑖
2−𝜇ℋ3,1)

 

 

 

(23) 

Substitute equation (16) into boundary conditions of equation (1), we obtain 
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𝒰𝒩(0, 𝑡) = ∑  

𝑁

𝑛=0

 
(−1)𝑛Γ(𝑛 + 2𝛼)

𝑛!Γ(2𝛼)
𝛽𝑛(𝑡) = 𝜓(𝑡)

𝒰𝒩(1, 𝑡) = ∑  

𝑁

𝑛=0

 
Γ(𝑛 + 2𝛼)

𝑛!Γ(2𝛼)
𝛽𝑛(𝑡) = 0

 

 

 

(24) 

This results in 𝒩+ 1 linear algebraic equations, which are solved to determine the unknowns 

coefficients 𝛽n
𝑚, 𝑛 = 1,2,… ,𝒩. Note, the initial values of 𝛽n

0, 𝑛 = 1,2, … ,𝒩 are obtained from 

equation (12). 

3.1 Convergence and Stability Analysis 
To examine the stability and convergence of the proposed technique, let Θ be an open and 

bounded domain in ℝ2 and 𝕃2
𝛾,𝛿
(Θ) be a Hilbert space with the inner product 

⟨ℱ(𝑥), 𝒢(𝑥)⟩ = ∫  
Θ

ℱ(𝑥)𝒢(𝑥)𝑑𝑥 (25) 

Euclidean norm ‖ℱ(𝑥)‖ = ⟨ℱ(𝑥), ℱ(𝑥)⟩
1

2 and Sobolev space as 

𝐻𝜇(Θ) = {ℱ ∈ 𝕃2
𝜇(Θ),𝒟𝜇 ∈ 𝐿2

𝜇(Θ)} (26) 

In the following, we present key lemmas that are crucial for analyzing the stability and 
convergence of the proposed scheme. 

Lemma 3.1 For any ℱ, 𝒢 ∈ 𝐻
𝜇

2(𝜃), then 

⟨𝒟𝑎+
𝑢 ℱ, 𝒢⟩ = ⟨𝒟

𝑎+

𝜇
2 ℱ,𝒟𝑏−

𝜇
2 𝒢⟩

⟨𝒟𝑏−
𝑢 ℱ, 𝒢⟩ = ⟨𝒟𝑏−

𝜇
2 ℱ,𝒟

𝑎+

𝜇
2 𝒢⟩ ,  𝒻ℴ𝓇 1 < 𝛾 < 2

⟨𝒟𝑎+
𝑢 ℱ,𝒟𝑏−

𝑢 ℱ⟩ = cos (𝜇𝜋)‖𝒟𝑎+
𝑢 ℱ‖

2
= cos (𝜇𝜋)‖𝒟𝑏−

𝑢 ℱ‖2

 

Proof: The proof is provided in Ervin & Roop (2007). 

Lemma 3.2 Given the functions 𝒢(𝑥) and 𝒟
𝑎+
𝜇
∈ 𝐻𝜇(𝜃)∃𝛿𝜏 sufficiently small such that 

‖𝒢(𝑥)‖ ≤ ‖𝒢(𝑥) + 𝒬
𝑎+
𝜇
𝒢(𝑥) +

𝜌𝛿𝜏

𝐴3
‖, 

(27) 

 

where 𝒬 =
𝐴2

𝐴3
=

𝜌𝛿𝜏

2−𝜌𝛿𝜏
 

 

Proof: Using lemma 3.1, we obtain 
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‖𝒢(𝑥) + 𝒬𝒬
𝑎+
𝜇
𝒢(𝑥) +

𝜌𝛿𝜏

𝐴3
‖2

=⟨𝒢(𝑥) + 𝒬𝒬
𝑎+
𝜇
𝒢(𝑥) +

𝜌𝛿𝜏

𝐴3
, 𝒢(𝑥) + 𝒬𝒬

𝑎+
𝜇
𝒢(𝑥) +

𝜌𝛿𝜏

𝐴3
⟩

= ‖𝒢(𝑥)‖2 + 2𝒬 (𝒟
𝑎+

𝜋
2 𝒢(𝑥), 𝒟𝑏−

𝜇
𝒢(𝑥)⟩ + 2

𝜌𝛿𝜏

𝐴3
𝒢(𝑥) + 𝒬2 ‖𝒟

𝑎+

𝜇
2 𝒢(𝑥)‖

2

 +2
𝜌𝛿𝜏

𝐴3
𝒬‖𝒢(𝑥)‖2 + (

𝜌𝛿𝜏

𝐴3
)
2

= ‖𝒢(𝑥)‖2 + 2𝒬cos (
𝜇

2
𝜋)‖𝒟

𝑎+

𝜇
2 𝒢(𝑥)‖

2

+ 2
𝜌𝛿𝜏

𝐴3
𝒢(𝑥) + 𝒬2 ‖𝒟

𝑎+

𝜇
2 𝒢(𝑥)‖

2

 +2
𝜌𝛿𝜏

𝐴3
𝒬‖𝒢(𝑥)‖2 + (

𝜌𝛿𝜏

𝐴3
)
2

,

 

 

 

 

 

(28) 

 
for sufficiently small 𝛿𝜏, the following terms are negligible 𝒬2, 𝛿𝒬, 𝛿𝜏2 and 

2𝜌𝛿𝜏

𝐴3
+ 2𝒢cos (

𝜇

2
𝜋)‖𝒟

𝑎+

𝜇
2 𝒢(𝑥)‖

2

≥ 0, 

therefore 

‖𝒢(𝑥)‖ ≤ ‖𝒢(𝑥) + 𝒬𝒟
𝑎+
𝜇
𝒢(𝑥) +

𝜌𝛿𝜏

𝐴3
‖, 

hence the proof. 
 
Theorem 3.3 (See Youssef et al. (2022); Nagy & Issa (2024)). The scheme provided in equation 
(20) for Fisher-KPP equation (1) is unconditionally stable. 
The proof is provided in Youssef et al. (2022). 
 
Numerical Experiments 
In this section, we apply the aforementioned technique to process and solve the proposed 
model using various values of the fractional order 𝜇 and the approximation order 𝒩. The 

approximate solution is also compared with the exact solution when 𝜇 = 2. Additionally, we 

set diffusion constant 𝛾 = 1 and the reactive constant 𝜌 = 1 to observe their effects. The 

effectiveness of the proposed technique is examined by computing the approximate solution 
for various values of the 𝛼 of the ultraspherical polynomial and compare wit the exact solution 

at 𝜇 = 2, given by equation (2). 
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Table 1: Comparison of the errors at different values of 𝜶, 𝝁 = 𝟏. 𝟗𝟓, 𝜹𝒕 =
𝟏

𝟏𝟎𝟎
,𝓝 = 𝟑 

𝒙 𝜶 = 𝟎. 𝟓 𝜶 = 𝟏 𝟓 ⋅ 𝓝 = 𝟒 

0.0 3.01 × 10−7 2.33 × 10−7 4.65 × 10−7 

0.2 5.44 × 10−7 2.96 × 10−7 7.65 × 10−7 

0.4 6.39 × 10−7 4.20 × 10−7 1.02 × 10−7 

0.6 8.45 × 10−7 4.68 × 10−7 1.99 × 10−6 

0.8 3.54 × 10−7 2.63 × 10−7 6.85 × 10−7 

1.0 3.08 × 10−9 1.55 × 10−9 2.15 × 10−9 

 

 
 Figure 1: Exact solution and its corresponding 𝒰𝒩(𝑥, 𝒯 = 1),𝒩 = 3 

 
Figure 2: Comparison of the errors at various values of 𝜶,𝓝 = 𝟑, 𝝁 = 𝟏. 𝟖𝟓 
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Conclusion 
This paper presents an efficient numerical scheme for solving the Fisher-KPP equation based 
on the LC fractional derivative. The proposed scheme integrates compact finite difference 
strategies with shifted ultraspherical polynomials. We have demonstrated that the method is  
both unconditionally stable and convergent. To validate its effectiveness, several numerical 
experiments were conducted. The results, computed for various values of 𝜇  and 𝛼  are 

compared with the exact solution. The numerical findings confirm that the scheme is robust 
and highly effective in solving the Fisher-KPP equation. 
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