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Abstract

In this article, we propose an accurate numerical scheme for solving the fractional-order Fisher-
Kolmogorov-Petrovsky-Piskunov (Fisher-KPP) equation, an important model in physics and
engineering mathematics. The fractional derivative is defined in the sense of the Liouville-
Caputo (LC) operator. The method combines a compact finite difference scheme (CFDS) for
the temporal discretization with a spectral approach based on shifted ultraspherical
polynomials for the spatial approximation. This approach transforms the original problem into
a system of algebraic equations that can be solved efficiently. Theoretical analyses, including
convergence and stability proofs, are provided to support the

proposed scheme. Finally, numerical simulations are presented to demonstrate the accuracy
and effectiveness of the method.

Keywords: Compact finite difference scheme (CFDS), Fisher's equation, Liouville-Caputo
fractional derivative (LFD), shifted ultraspherical collocation method (SUCM), shifted
ultraspherical polynomial.

Introduction

In recent years, mathematics has played a central role across all industries and major economic
sectors. It is also essential in numerous real-life applications. As a natural consequence, it has
become necessary to relate and connect real-world problems through mathematical modeling.
In fields such as physics, chemistry, and biology, many reaction diffusion equations feature
moving wavefronts, which are commonly encountered when modeling real-world phenomena
(Abdeljawad & Baleanu, 2018, 2017). Reaction-diffusion models are powerful mathematical
tools that describe how the concentration of one or more substances changes over space and
time under the influence of two processes: first, local chemical reactions that convert
substances into one another, and second, di_usion, which accounts for the spatial distribution
of these substances. One of the most prominent examples is the classical Fisher-Kolmogorov-
Petrovsky-Piskunov (Fisher-KPP) equation, which has found wide application in engineering
and other scientific fields Newman (1980). However, the classical Fisher-KPP equation is not
always sufficient for capturing complex behaviors in such models. The fractional-order Fisher-
KPP equation o_ers a more accurate and effective framework for describing these phenomena
Zhang & Liu (2014); Youssef et al. (2022). Fractional differential equations (FDEs), which
involve fractional derivative operators, have proven to be more precise than classical models
for capturing various real-world processes. Fractional calculus plays a significant role in
modeling and understanding phenomena in scienti_c _elds Agarwal & El-Sayed (2020);
Sweilam et al. (2020); Khader & Adel (2020); Mabrouk et a/. (2024); Kedia et al. (2024); Nagy
& Issa (2024). Despite their e_ectiveness, most fractional and variable-order differential
equations lack exact analytical solutions. Therefore, numerical and approximate methods
remain the primary tools for solving these equations. Various numerical techniques have been
developed for this purpose, including the finite difference method Issa et al. (2022), the
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wavelet collocation method Orug (2020), the homotopy perturbation method Agirseven & Ozig
(2010), the residual power series method Al-Qurashi et a/. (2017),, to mention but few.

Among the most powerful approaches for solving differential equations-whether partial,
fractional, or of variable order-are spectral methods Atta et al (2020). These methods are
particularly valued for their ability to achieve highly accurate results with relatively few degrees
of freedom Nagy & Issa (2024); Kumar et al. (2024); Sweilam et a/. (2021). A key advantage
of spectral methods lies in the orthogonality properties of special polynomials, such as shifted
ultraspherical polynomials, which are used to approximate functions over a given interval [a;
b] Issa et al. (2022); 1zadkhah & Saberi-Nadja_ (2015). These polynomials play an important
role in the spectral analysis of FDEs Nagy & Issa (2024). Therefore, the primary aim of this
study is to investigate the fractional generalized Fisher-Kolmogorov-Petrovsky-Piskunov's
equation using Liouville-Caputo (LC) derivative of the form:

0Z(x,t) u

TR YD, U(x, t) + p(1 —U(x,t)), 1<u<2,0<x<1, 1)
UQ,t) =y(t), 0<t<sT

Uu,t) =0, 0<t<sT

U(x,0)=0.

where DYU(x,t) is LC fractional derivatives operator, y is the diffusive constant and the
reactive constant is written as 0 < p < 1. When u = 2, equation (1) becomes classical linear
form of Fisher-KPP's equation. The exact solution to the classical form of equation (1) is given
as follows:

cosh x 16 (—1)tcos (0.5m(2i — 1)x
cosh 1 72, 4 (20— D(n?(2i — 1)2 +4)

=

U(x,t)=1—-

exp ((-1-0257%2i - D?)t)  (2)

Several numerical approaches have been developed to solve Eq. (1), including the finite
difference method Alshammari & Mashat (2017) and the Vieta-Lucas collocation method
Youssef et al. (2022). In the present study, we aim to investigate the accuracy of the shifted
ultraspherical collocation method, whose solutions generalize those obtained using Legendre
polynomials when a = %, Chebyshev polynomials of the second kind when a = 1, and other

classical orthoonal polynomials for different values of a. This method is combined with the
compact finite difference technique for the discretization of the time derivative.

The structure of the paper is organized as follows: Section 2 introduces the properties of the
LC fractional derivative and the shifted ultraspherical polynomials (SUP) utilized throughout
the study. Section 3 describes the numerical scheme. Section 3.1 is devoted to the analysis of
convergence and stability. In Section 4, we present numerical stimulation at various values of
the parameters to demonstrate the effectiveness and accuracy of the scheme. Finally, Section
5 provides concluding remarks and summarizes the main findings.

2. Preliminaries

In what follows, we present essential definitions and mathematical preliminaries related to the
fractional derivative (FD), along with key properties of ultraspherical polynomials, which are
fundamental to the development of the methods proposed in this paper.

Definition 1 (LC fractional derivative) Podlubny (1999)

Suppose u € R and x € [a, b], then the LC fractional-order derivative operator D! f(x) of
order u is defined as follows:
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o (3)

Tn—w )y woppmdbn-l<usnnel

Do f(x) =

Theorem 2.1 Let U(x) and V(x) be two functions defined on [a, b] such that D5 U(x) and
DEV(x) exist almost everywhere. Also, let v and 1 € R. Then, DY (vU(x) + AV(x)) exists
almost everywhere, and

DE(VU(x) + AV (x)) = vDEU(x) + ADLV(x) 4)
DHG = 0,G is a constant,
foriedyandi < [u] (5)

0,
ol — I'i+1 ;
DHx { +1 =k foriedyandi>[u]

TG+1-p~
The function [u] denotes smallest integer greater than or equal to y,N={1,2...} and N, =
{0,1,2...}.
The proofing of the theorem is contained in Podlubny (1999).

2.1 Shifted ultraspherical polynomials (SUP) (Cg"‘) x)

In this paper, the ultraspherical polynomials {((:E“)(x),i =0,1, } are employed due to their
generalization of several well-known families of orthogonal polynomials. Specifically, when a =
1 . . . . .

> the ultraspherical polynomials reduce to the Legendre polynomials, and when « = 1, it gives
Chebyshev polynomials of the second kind. The ultraspherical polynomials ((Cl@“)(x)) is an
orthogonal polynomials of degree i in x € [—1,1] with respect to weight function w(x) =
1- xz)("‘_i) is defined as follows Izadkhah & Saberi-Nadjafi(2015); Szegd (1975):

i i . 1
da)(x) _ )/ I'QRa+2i—)HT (a:—z) » ©
S E-NTG+DT (i-j+a+37) IQa)

The recurrence form is given by
1
d”@)=7pa+a—1ndﬂ@)—a+2a—znﬁh@}izz )

where (C(()a)(x) = 1,(Cga) (x) = 2ax.
The corresponding shifted form is defined as:

69 (x) = ! [2(1‘ +a—1) (W) 62,00 — (i + 20 — 2) 62, (x)

[
€ [a, b]

(8)

=2,

where €\ (x) = 1,6 (x) = 2a (W). The explicit analytic form for the SUP%(®(x) of
degree i defined in the interval [0,1] is given as:
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i i ., 1
&f“)(x) _ )/ I'QRa+2i—)HT (a + 7) id -
S a-NTG+DT (i—j+a+ ) ' 2a)
The orthogonality condition corresponding to the interval x € [a, b] is defined as follows:
(Ci(a) (x), C-(a) (x)>
0, fori+#j (10)
f (1 —x2)(a ((a)(x)((a)(x)dx = {nleaF(i vy
T (2 +a) t=J
0, fori+j
f (x —x? C(a) (x)0 C(a) (x)dx = {7‘[21 42 (i + 2a) for iz i
TR +a) L=
Let U(x) be a square integrable function in the interval [a, b], then
c (11)
U = Y A
i=0
where the coefficients g,,n =0,1, ...,V is defined as:
NN (@G +a) (T gt @)
, { TR T 20) f 1 - x)* 72U GV ()dx, x € [-1,1] .
FT T (@) + @) = )
e 4ar(l+2a)f (x — x2 Z’Ll(x)@{ (x)dx, x € [0,1]
depending on the interval of equation (1).
Only the first (I + 1)-terms of shifted ultraspherical polynomials are needed in the
approximation. Therefore, equation (11) becomes
N
~ — ()
UG) ~ Uy () ZO BaCi® ). 13)

Theorem 2.2 Let U, (x)be an approximate solution of equation (1), then LC fractional
derivative of U, (x) is given as:

n—[u]

Dg (Un(x)) = Z Z Brden XK (14)

n=[u] k=0

where

(~D*T@2a+2n—I)T (a+3)

F(k+1)F(n k+a+ )F(Za)F(n+1—k 0

Frte = (15)

See Issa et al. (2022) for the proof.

Numerical Scheme

In this section, we employ a combination of the compact finite difference scheme (CFDS) and
the shifted ultraspherical collocation method to obtain a numerical solution of equation (1).
We begin by deriving a time-discrete scheme based on CFDS. To this end, we define the time
mesh points as t; = jét for j =0,1,..,M, where §t = % For the spatial discretization, we
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employ collocation points (S,(Va_)[y] L (), with i = 0,1, ..., — [y] + 1.

Let
u (16)
U (6 = Y Fa(OE0),
n=0
be the approximate solution of equation (1), therefore equation (1) becomes:
Uy (x,t) 17
I = YD Un (5, 8) + (1~ Une (5, ), (17)
Now, applying Taylor's expansion, equation (17), becomes:
oT azu]v‘(xi, t]) (18)

5TUn (31, 4) + o —— 50+ 0(8T2) = ¥ Q4 U (i, ) + p (1 = Une (x5 1))

Differentiating equation (1) with respect to 7 and substitute the resulting equation in equation

(18), we obtain:
(Daa’u{vi —D&%?) <u{v —ui;;l) (19)
14 Y e ——

)

; ; .\ O
§TUY, = yDo Uy, +p(1—-UyR,) - - 5 5

simplifying equation (19), we obtain:

AU}, — A;DY, U}, = AUS " + A, DY UL + pé, (20)

2 () 2—
where 4, = Jfﬁ,Az == and 4; = =£2%

Substitute equations (13) and (14) in equation (20), we obtain

N n—[u]

Ali ﬁy’[‘dﬁ“)(x)—Az z z Eﬁn%’kxn—k—y
n=0

n—[u] k=0
N N n—[u] (21)

= A Z BI-16D (%) + 4, Z 2 Bt x™ KR + pé.

n=0 n=[u] k=0

At degree N = 3, collocating equation (21) at x = x;,i = 0,1, ...,V — [u] + 1, and simplify the
resulting equation, we obtain:

A1 BT + B1 BT + BofYt 4 BaBYt = AzBi T 4 BuB N — By + Bs By + pé, (22)

where
By = 467 (x)
B, = —Azxiz_uf@,o
B; =4, C’(z,a) (x;) — Az (x?_ﬂ%ao + xiz_u%u) (23)
B, = A6 (x;)
Bs = 4657 () + A (6} Mt + X271

Substitute equation (16) into boundary conditions of equation (1), we obtain
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N

-DH"r 2
U0, = ) T2 0 = (o
N
'(n+2 24
Un(1,6)= Y nf’}—ga‘?ﬁn(t) =0 =
n=0

This results in V' + 1 linear algebraic equations, which are solved to determine the unknowns
coefficients p,n = 1,2,..., V. Note, the initial values of g%,n =1,2,...,v are obtained from
equation (12).

3.1 Convergence and Stability Analysis
To examine the stability and convergence of the proposed technique, let ® be an open and

bounded domain in R? and ]L’Q"S(G)) be a Hilbert space with the inner product

(), §(x)) = j@ A6 (o) dx (25)

Euclidean norm ||F(x)|| = (?’(x),.?-"(x))% and Sobolev space as
HH¥(®) ={7€ L5(0),D* € L1(0)} (26)

In the following, we present key lemmas that are crucial for analyzing the stability and
convergence of the proposed scheme.

Lemma 3.1 Forany F,G € H%(B), then

13 13
(Dg+F,G) = (D2.F,D2-G
KU 13
(Dy-F,G) =\Dp-F.D2.G), for 1<y <2

(D4F, DEF) = cos (um)|| D4 F|” = cos (um) || DI-F||2
Proof: The proof is provided in Ervin & Roop (2007).
Lemma 3.2 Given the functions G(x) and Délﬁ € H*(6)367 sufficiently small such that

(27)

0
15GON < [JgG0) + 0.6 + ”A—; .

A 5
where 9 = A—z = zfpgr

Proof: Using lemma 3.1, we obtain
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o
1G0) + Q0. 6(x) + % 12

0 1)
=[50 + 00460 + 25,60 + 00t g0 + 25

3 3
I 2
DZ,G(X)

z )
= IGCOII? +20 (D;+g(x), Dg‘-g(x)> +252600) + 02
i (28)

pot 2, (POTY
w270l + ()
2

E
= IGCOI? +2Qcos (5) DZG(x)

£ 2 poT
D§+9(X)H +t2——G()+ Q?
3

pot , . (POT 2
w270l + ()

for sufficiently small &, the following terms are negligible 92,59, 5t? and

2p6T U £
) + 2Gcos (En) D2,G(x)

2
=0,

therefore
)
1560l < |5Go) + 0Dl G + ||

hence the proof.

Theorem 3.3 (See Youssef et al. (2022); Nagy & Issa (2024)). The scheme provided in equation
(20) for Fisher-KPP equation (1) is unconditionally stable.
The proof is provided in Youssef et al. (2022).

Numerical Experiments

In this section, we apply the aforementioned technique to process and solve the proposed
model using various values of the fractional order u and the approximation order N. The
approximate solution is also compared with the exact solution when p = 2. Additionally, we
set diffusion constant y =1 and the reactive constant p = 1 to observe their effects. The
effectiveness of the proposed technique is examined by computing the approximate solution
for various values of the a of the ultraspherical polynomial and compare wit the exact solution
at u = 2, given by equation (2).
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Table 1: Comparison of the errors at different values of a, u = 1.95, 6t = 1i
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Figure 2: Comparison of the errors at various values of a, N =3,u=1.85
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Conclusion

This paper presents an efficient numerical scheme for solving the Fisher-KPP equation based
on the LC fractional derivative. The proposed scheme integrates compact finite difference
strategies with shifted ultraspherical polynomials. We have demonstrated that the method is
both unconditionally stable and convergent. To validate its effectiveness, several numerical
experiments were conducted. The results, computed for various values of u and a are
compared with the exact solution. The numerical findings confirm that the scheme is robust
and highly effective in solving the Fisher-KPP equation.
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