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Abstract

The idea of multistep collocation is employed to reformulate the Hybrid Backward
Differentiation Formula (HBDF) for casesk = 4 and & into continuous forms which were
evaluated at some interpolation and collocation points. This gives rise to discrete schemes that
are combined to form the efficient block method for the solution of Ordinary Differential
Equations. The requirement of starting values and the overlap of solution model which are
associated with conventional Linear Multistep Methods are eliminated by this approach. A
convergence analysis of the derived hybrid schemes is presented to establish their effectiveness
and reliability. Numerical examples carried out further substantiates their convergence.

Keywords: Linear Multistep method (LMM), Backward Differentiation Formula (BDF),
Block Solution, Implicit, Hybrid

Introduction

Consider the Initial Value Problem of the form

y'=flxy) y(x0) = ¥o (1)

Where the solution v is assumed to be a differentiable function on an interval [xg,5], b < co.
Many methods for solving (1) exist, one particular method is the Linear Multistep Method. The
Method require less evaluation of the derivative function f than one step methods in the range
of integral [x4 b]. For this reasons they have been very popular and important for solving (1)
numerically. But these methods have certain limitations such as the overlap of solution models
and the requirements of a starting value. Other limitations include they vyield the discretely
solution values 9y, ..., ¥y hence uneconomical for producing dense output. A continuous
formulation is desirable in this respect. The collocation method is probably the most important
numerical procedure for the construction of continuous methods ( Lie and Norsett, 1989;
Awoyemi, Jator and sirisena, 1994; Onumanyi, sirisena and jator, 1999).

In this research paper, an attempt is made to reformulate the hybrid form of some BDF
schemes, specifically {k = 4 and &) into continuous forms by the idea of multistep collocation.

The Continous Multistep Collocation (CMM) Method

Lambert (1973; 1991) adopted the continous finite difference (CFD) approximation approach by
the idea of interpolation and collocation. Later, Lie and Norsett (193%), Onumanyi (1994; 1999)

referred to it as Multistep Collocation (MC). The method is presented below

a= (ﬂﬁ,ﬂb an Ay ﬂ'l:r-i-m—l}}rJ '-’F'":X} = (@D(X}J 4 (JX.'}, pan sy '{p(r+m—1}}r (2}

where a,r =0, .....,t + m — 1 are undetermined constants, ¢,.(x ) are specified basis functions,
T denotes transpose of, t denotes the number of interpolation points and m denotes the
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number of distinct collocation points. We consider a continuous approximation (interpolant) Y(x)
to y(X) in the form

y(x) = B0 e (x) = aTp(x) (3)

which is valid in the sub-intervals x, = x = x,.+,. , where n = 0,k......,N — k. The quantities
Xp=axy =bkmmnt ande,(x),r=01...,t+m—1
are specified values. The constant co-efficient g,.of (3) can be determined using the conditions

}?{xn+}'} =Vns+;, J=01, ..t -1 (4)
}’f{i‘::l'}zfnﬂl’ j=01...,m-1 (5)
Where
fn+_;l' = f{xn+}'1}’n+}'} (5::'
The distinct collocation points g, v.. v v o . X, —1, CAN be chosen freely from the set [x,, x4,
Equation (4),(5) and (6) are denoted by a single set of algebraic equations of the form
Da=F (7)
- T

WhereF (}?ni}?n-kl"' ""}?n+t—1ifm fn+Lfn+m—1} (8}
a=D"1F (9)
where D is the non-singular matrix of dimension (¢ + m) below

‘J'-"'D(xn} Pesm— lixn}

PolXnse-1) " @rim—1(Xnie-1)

D = (10)

fﬂé@ﬁj fp;+ml—1ﬁuj

fpé(}m—l} '{p;—km—lgm—l}
By substituting (9) into (3), we obtain the MC formula
yx) =F o), xp=x=xp4 n=0k ......N—k (11)
where
C=D"=(c;)tj=1 ., t+m—1
€11 Cir €41  Clr+m
c=| ¢z - Cz Cae+1 o Copem
Crami °7 Cr+me  Crime+1 = Crimesm

with the numerical elements denoted by c¢;;i,j = 1,....,k + m. By expanding C'p(x) in (11)

yields the following
EH m-1 Cri110r (x)

y(x) = () 5 (12)

f«i?_l Crttic+m®Pr (x)

y(x) = f«+?_15r+L;+1fﬂr(X} +Em lh(EHm s “J+_fﬂr(x})fn+; (13)

y(x) = X550 (x)yns; + R BTG B (0 fus s (14)
where we construct a;(x)and §;(x) explicitly by
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a;(x) = B Crpy jua 0, (6) =01t - 1 (15)

a,.can be determined as follows:

t—1 m—1
}(.’X.'} = Z Eir+1¥ntj +h Z ﬁ_;l',r+1fn+_;l' '{pr(x} (j-'?}
r=0 J=o

For K = 4, the general form of the method upon addition of one off grid point is expressed as;
ylx) =

a1 () v, + a2 () Vpaq + @z Vnas + @)z + as )y, 2 +
z

hBo (x) frss
(18)
The matrix D of the proposed method is expressed as:
-1 Xn xi x?:‘iz x: xi oy V,
" n
1 _'X.'n+h (x”'i‘h}‘ (xn+h}3 (xn+h}4 (xn+h}5 QE VYus1
1 .'X.'n+2h (xn+2h}2 (xn+2h}3 Exn+2h}4 (xn+2h::'5 g — Vnzz (19}
1 Xp+3h (x,+30)%(x,+3R)* (x,+3R)* (x,+3h)° ||%= Vnt3
1 s, +ih (xp+i0)2 (a+20)3  (xa+3)%  (x,+in)° EE 5‘;+1f’2
- ]

O 1 2x,+8h3(x, +4h)? 4(x,+4h) 5(x,+ 4h)* e

ileDa=F
The matrix D in equation (19) which when solved by matrix inversion technique or Gaussian
Elimination method will yield the continuous coefficients substituted in (18) to obtain continous
form of the four step block hybrid BDF with one off step interpolation point.
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( — + 9688h* + 13191x2h% + 7666x3h + 1953x3h + 178x3) —
% % (4844h* +13191x, 7% + 11499x2h% + 3906x3h + 445x 3 )x +
1 1319 1h%+22998x R +11718x3R+1780xF 2 _L 3833 h3+3506x,h+ 8903 3 1 1953h+8%0en 4 _
2388 RS 1154 RS 2388 RS x
8 5y 4 3 2 3 4y _
o )}n +(wB hs{x (1534h* + 4694x,,h3 + 3785x2h? + 1139x3h+ 114x3))

prevnieed G2 (1536h* + 4694x,, h® + 3785x2h? + 1139x3h + 114x4}}x+

1 4694h5 4113552k +6834xiR+1140xF 2 1 3785RT4+4556xnh+1140xF 3 1 113‘3‘h+5'?[!lxnx4
398 h5 398 RS 398 RS

= 5)}'n+1 + (

L (x,(7591x, 13 + 7978x2h? + 2837x3h + 314x% + 2136h%)) +

195RS 2388 RS
—o = (75915, k% + 11967x3 12 + 5674x3h + 785x5 + 1068h*)x —
1 '.'-’55"1h5+;35"34xnh5+1?ﬁ221?‘1h+314ﬁxnx2 1 3385R1 +56?4xnh+15?l}xnx3_
1388 . he 1154 he
TR 2k ) ysn + (o (3 (46132207 + 1893330 + 230x5 +
4038x,, 1% + 10885’1“}}—%;(13839x h2+7572x3 h+ 1150x% + 785x% + 8076, 1% +
1{]88}14}_1'4-— 138391"lhz+1135sx.‘1h+‘3'}'}x.‘1+4'}38h5x:_L 4613 h% +757 2 h+ 230023 3+
5 E
1 1893h+1155?}?:-t‘l}n 4 23 S =970 Eh
L LTI 4 — 5 ) yaa + (— o (% (253 + 262030+ 9474 3R +

5970 RS 53 '.'-’h5
1382x,R% + 5?2h4}} + pr—— 1:'].251.' + 1048x3h + 2841x2h% + 2764x ,h* + 672h%)x —

32 EEI}Iﬁ+15?21ﬁh+284unh5+138;i'ts 2, 32 ;Eﬂxn+lﬂ4ﬁxnh+'}4?h5x5_ 32 125xwt262n 4
2585 hS 25985 hE 2585 hS

160 )

5.,

X I 12+

55ThS %”‘*1“

( 1 xnl_!x?‘ﬁ1ﬂx,§ih+23x?{h""+23;rnh5+E~h“‘:| 1 Gxd+2exih+42xinT+23x R 3R
358 h* 155 h*

1 20xf+78xfh+Bdxph®+230° o 2 Bxfitldaph+7h® 4 R L

: 1% fss)
398 R 199 Re 398 K8 rooma ¥ )T (20

)

Evaluating (20) at points x = x,;4and its derivative at x = x,33,X = Xp3q1, X = Xps2,X = Xpi1/2

yields the following five discrete hybrid schemes which are used as a block integrator;
T84 588 2352 3072 147 =2

—y —Vnt2 ——Vnt3 F Vnta F —Vnt1z = —Vn +—h
199}n+1 199}n+‘ o Vnsa T ¥Vnts 235 VYns1/2 199}?: 199 frn+a
) 25 o el ET1z 515 1550 W 10 hf
—7 —_—— - —_—7 e P ¥
Yatl ~ e ¥nte T e Ynte T oYtz T g T 2415 nt1 T oa1c tintd
6350 . 542 3968 _ Bl BEs, £ hf
,.355}?2+:L ¥nt2 ,.3[!.5}?2+3 2355}n+1.-"2 = " 3me Yn— 2305 ' Unt2 T oo MUnts
15125 18075 L Ly la208 _ 3275 5970 b, 4= £
3 Vs e ey PR Sy e VYns1/z = 3333 ¥n 3333 nt3 T spay  Unts
202750 i 31675 i 5238 + 53025 S5520 f
—_—— s —_— y— 7 . = — ¥
1535999}”“ 125888 ™2 T q7ggeg o nH3 T Yn+y)2 12582 ™ 1zssms mtl2 T
21
175888 fn+4 ( }

Equation (21) constitute the members of a zero-stable block integrators of order
(5,5,5,5,5) 'with C, =[—%, e ﬂ] as the error constants respectively. To
start the integration

process with n=0, we use (21) and this produces ¥y, ¥y /2, ¥z, ¥3 and 3, simultaneously without
the need of any starting method (predictor).

For K = g, the general form of the method upon addition of one off grid point is expressed as;

27760’ 23820" 9552 30GE54
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JT(X} = ﬂ!1'|:x)}"n + a5 (X}}"nﬂ + a3 (X}}’nﬂ + ﬂ:}(ﬂ}’nﬁl + ﬂs(ﬂ}’nﬂ + ﬂs(ﬂ}’nﬁ +

a?(x}}?n_fi + hﬁﬂl(x}fn+6

(22)
Recall from (7), Da =F

The matrix D of the proposed method is expressed as:

D

, 3
x2 Xn

(x,+m)2 Gath)?
(x,+2h)2 (x,,+2h)3
(x, +3h) 2 (x,, +30)3
(x,, +4h)2 (x,, +4h)3
(x,, +5h)2 (x,, + 5h)3
(n +31)? (xp +30)°
1 2%y, + 12h 3(x, + 6h)2

1
=

x?‘!
X,+h
Xp+ 2R
X, +3h
X, +4h
X, +5h
xn+%h

=

Ol e

Xy

(x, +h)*
(x,, + 20)*
(x,,+3R)*
(x,+4n)*
(x,+5h)*
(xn+30)*
4(x, +6h)3

x5

(xp+h)®
(x, + 2h)5
(x,+3R)5
(x,+4h)®
(x,+5h)%
(x,, +Eh}5

5(x,+6h)*

x5
(x,+h)E
(x,, + 2h) 8
(x, + 30) 8
(x,, + 4h) 8
(x,, + 5h) &

(xa+2)"

6(x, +6h)°

X
(xp+h)7

(x, +20)7
(xy +30)7
(x,, +4h)7
(x,, +5h)7

(xa+1)

7(x, + 6h) &

The matrix D in equation (23) which when solved by matrix inversion technique or Gaussian
Elimination method will yield the continuous coefficients substituted in (22) to obtain continous
form of the SIX step block hybrld BDF with one off step interpolation point.

700 == (o
(allﬂsssﬁ S¥nta ¥ 194544
=

547155

Vn+i/2 T
where

s @V t

1250640 Pyn + 13256

Tynss +
ssrs Whise)

20B44

—U
625320

(24)

P = (1250640h7 + 3254x] + 71281x5h + 624077 x3h* + 2798515x3h? + 68333441 x3h* +

8892484 x2h% + 5552148x,,h%) +

(427686 x3h + 3120385x3h? + 1194060x3h? + 20500323 x2h* + 17784968x,,h° +

5552148h% 4+ 22778x%)x + (8892484h° + 1069215x5h + 6240770x2h2 + 16791090x2h3 +
20500323 x,,h* + 68334x5)x? — (6833441 h* + 11194060x,h% + 6240770x2 h? +

1425620x3h + 113890x;} )x3

+5(559703h3 + 624077x,h® + 213843 x2h + 22778x3)x* — (624077 h? + 427686x,,h +
68334x7)x° + (10183h + 3254 x,,)x® — (3254)x7

Q = (4475x8h + 36586x5h% + 147569 x3h% + 302152x3 h* + 283124x2 h® + 82320x,h% +
214x7) — 2(13425x5h+ 91465 x2h% + 295138x3h% + 453228x2h* + 283124x . h° +

41160h°% + 749xE)x

+((283124h% + 671252 h + 365860x3h? + 885414x2h3 + 906456, h* + 4494x3) ) x

—2(151076h* 4+ 295138x ,h% + 182930x2h? + 44750x3h + 3745x3 )x°
+(147569h% + 182930x,,h* + 67125x2

+(4475h + 1498x,,)x® — (214)x7

h+ 7490x3)x*

—2(18293h? + 13425x,h + 2247 x2)x5

R = —(5219xEh+ 39868x5h? + 145934x4h3 + 259330x3h% + 198767 x2h5 + 50460x,h° +
262x1) + 2(15657x Sh+ 99670 x2h% + 291868x2h% + 388995x2h* + 198767 x,h° +

25230h% + 917xE)x

- ((198?5?h5 +78285x3h + 398680x3h% + 875604x2 h® + 777990x . h* + 5502x,§})x‘

+2(129665h% + 291868x,,h* + 199340x2h% 4+ 52190x3h + 4585x 5 )x®
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+(145934h% 4+ 199340x,,h? + 78285x2h + 9170x3)x* +2(19934h% + 15657 x ,h + 2751x2)x>
—(5219h + 1834x,,)x° + (262)x7

5 = (57449x5h + 410920x3h? + 1384805 x,:h° + 2240896x3h* + 1603076x2h° +
390480x,h% + 3034x]) — 2(172347x3h+ 1027300x} h? + 2769610x3h°% + 3361344x2h* +
16030761 ,,h® + 195240h% + 10619x5)x

+ ((15030?5h5 +861735x5h + 4109200x 3h% + 8308830x2h% + 6722688x, h* +
63714x3) )x°

—2(1120448h* + 2769610x,h® + 2954600x2h% + 574490x3h+ 53095x3)x°
+5(276961h% 4+ 410920x,,h% + 172347 x3h + 21238x3)x*

—2(205460h% + 172347x,h+ 31857x2)x° +7(8207h + 3034x,.)x® — (3034)x7

T = —(16855x5h + 113399x5h2 + 358609 x:h% + 551291x3h* + 381184x2h5 + 91020x,h® +
938x]) + (101130x5h + 566995x3h? + 1434436x3h°% + 1653873 x2h* + 762368x,h° +
91020h% + 6566x5)x

- ((381184h5 +252825x%h + 1133990x3h? 4+ 2151654x2h% + 1653873 x, h* + 19593x3})x2

+(551291h* + 1434436x,h* + 1133990x 2 h* + 337100x3h + 32830x;} )x 3

—(358609h% + 566995x,,h* + 252825x2h + 32830x3)x*

+(113399h2 + 101130x,,h+ 19698x2)x5 —(16855h + 6566x,,)x% + (938)x7
U=1(12287x8h+ 78574x5h* + 238385x;; h® + 355672x3h* + 241268x%h® + 56976x ,h® +
718x7) — 2(36861x5h+ 196435x32h? + 476770x3h? + 533508x2 h* + 241268x,,h° +
28488h°% + 2513x5)x

+ ((241253h5 + 184305x2h + 785740x3h% + 1430310x2h% + 1067016x, h* + 150?3x§})x2
—2(177836h* + 476770x ,,h* + 392870x3h% + 122870x3h + 12565x3 )x®

+5(47677h® + 78574x,,h? + 36861x2h + 5026x3)x* —2(39287h% + 36861x,h + 7539x2)x®
+(12287h + 5026x,)x% — (718)x7

V = —(1049x8h+ 8875x3h2 + 37715x2h3 + 84076x3 h* + 91916x2h5 + 37680x,h° +

49x7 )+ (6294xZh + 44375x2h% + 150860x3h% + 252228x2h* + 183832x,h% + 37680R° +
343x5)x

- ((91915h5 +15735x;h + 88750x3 k% + 226290x2 A% + 252228x ,h* + 1ﬂ29x§})x3
+(84076h* + 150860x,,h® + 88750x2h% + 20980x3h+ 1715x5)x®

—(7543R*+ 8875x,h% + 3147x2h+ 343x3)x* +(8875h% + 6294x, h + 1029x3)x"°

—(1049% + 343x,)x% + (49)x7

W = —(31x6h + 185x5h + 535x2h3 + 773x3h* + 514x2h® + 120x,h¢ + 2x7) + (186x3h +
925x2h? + 2140x3h? + 2319x2 h* + 1028x,,h% + 120h6 + 14x8)x

- ((514h5 + 465xih + 1850x3h2 + 3210x2h3 + 2319x, h* + 42x3})x2

+(773h* + 2140x,,h% + 1850xZh% + 620x3 h+ 70x3)x3

—5(107h3 + 185x,h? + 93x2h + 14x3)x* +(185h2 + 186x, h+ 42x2)x5

—(31h +14x,)x" + (2)x7

Evaluating (24) at points x = x,,.. and its derivative at

X =Xpi5,X = XpiaX = Xpia, X = Xpi2,X = X3, X = X390 Yields the following seven discrete
hybrid schemes which are used as block integrator;

%68 3025 %680 8050 4840 L d0%80 1210

—_ s —_— y — —] —_— —_—— 7 —_— = ——— Y —
M&,}E}nﬂ o7g Yn#2 T oo Y3 T o Vads T oo Vaas T Vnie T o Vn1j2 = 0 e
220,

579 fn+6

239



Journal of Science, Technology, Mathematics and Education (JOSTMED), 11(2), August, 2015

1 119280 46172 15390 2821 217088 24626
—7 [y T — " a4 [ ————— —_ a7 —_ = —r —
14:; :;sl 1067852 "2 T Tgg7es 2 m+3 T Tpgzes Y4 T Togres ™S T qogres J M2 T ggres Om
h
}EEEEE fn+1 1[!'6'.'-’85 fn+6
47096 11790 1932 36864 _ e72
56[&5?19&5}”1 }n;; es10 I3 T g Ynts T g ¥nis T g Ynt1/2 T T g
fn+; &510 fn+6
574875 540800 ) 366075 45395 342016 54645
322616 - "1 T Bze1e 2 T VA3 T gppere Vs T o e Ynts T nnaie Ynel T Gazas I
729540 2100
roene Mmez T ——Rfnse
728528 531580 1448048 ) 183848 483328 95893
708305 "1 " 703305 - 2 T Toazos 3 T Yntd T Toangs YntS T Togape Vel T T ggags M
729540 5880
703305 w+4 T 793302 fnte
713475 781200 914340 330150 ) 471040 96054
ssm521 0L T izasnn V2 T azasar ImH3 T Gzasar Jntd T Ymds T ey nts T ssgs21 07
243180 12600
458571 fn+5 5,.1 fn+6
83679750 2795700 10588116 __ 3779325 71870 L
T sazeiz1e- ML 54281216}n+2 saze1z1s 0 "3 T Zazeizie ) Mt sazeizie o S T Ymel T
12124495 31127040 4-41[:'[:'
— . hf a—
saze1216° " seze1zie f?ﬂ‘*; sazaizis nte

(25)
Equation (25) constitute the members of a zero-stable block integrators of order
, 714375177
(?,?,?,?,?,?,?}rWith CE S &05 1836% 551 259355 12469 35955 2143251

16212J_TJ?J_ 16 ' = P g 32 ] as the error
constants respectively. To start the integration process with n=0, we use (25) and this
produces vy, ¥y s2, ¥2, V3, ¥ar »¥s, @nd v simultaneously without the need of any starting method
(predictor).

Stability Analysis

Following Fatunla (1992;1994), that defined the block method to be zero-stable provided the
roots R;; = 1(1)k of the first characteristic polynomial p(R) specified as

) Al gl—i
i=0
satisfies |R;| = 1,the multiplicity must not exceed 2.

The block methods proposed in equations (21) for k& = 4 are put in the matrix equation form
and foi easy analysis the result was normalized to obtain

p(R)= det

=0 (26)

0 0 0 0O 00 0 0 1
0 1 0 0 0 o0 Q0 0 1
A=l0 0 1 0 o0, Al=10 0 0 0 1
o 0 0 1 0 o0 Q0 0 1
Wy 0 0 0 1 o0 0 0 1
And
-242  —4807 2157 —1427 151
22 5760 5760 9600 5760
2008 —179 115 -75 59 000 o00O
1575 380 360 600 2520 0 o0 0 O
o _|18%8 =2 41 -16 11 1_
B" = 1575 45 45 75 31: "B 0 0000
216 -3 63 51 3 0D 0O D0 0
175 20 20 o0 280
256 g 52 B8 16 0000 o0o
L 22 45 45 75 45

The first characteristic polynomial of the block method is given by
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p(R) = det(RA® — A1) Substituting the 4° and A* into the function above gives

10 0 0 0 000 01
01 0 0 0 000 0 1
p(R}=detRﬂﬂiﬂﬂ—ﬂﬂﬂﬂi‘
000 10 000 0 1
000 0 1 000 0 1
BE 0 0 0 0O 0 o0 o0 1
[GR{]G{] 0 00 0 1
=det|l0 0 R 0 0|-|0 0 0 0 1
0O 0 0 R 0| |00 0O 1
0000 R D 0OOO 1
R ooo -1
0 RO o -1
=det|/0 0 R 0 -1
0 00 R -1
0 0 00 BR-1

=R3R(R-1))-0=0
R =0(fourtimesjorR=1

The first characteristic polynomial of the block method is given by
p(R) = det(RA? — A1) Substituting the A® and A into the function above gives

1 00 0 0 000 01
01 0 00 000 01
p(R)=det|lR|0 0 1 0 O|— |0 0 0 0 1
000 10 ﬂﬂﬂﬂl‘
00001 000 01
(27)
E 0 0 0 0 0 0 0 01 R 000 -1
O R 0 0 0O 00 0 01 0 R DO -1
=det{|0 0 R 0 O|—f(0 0 0 0 1||=detjf0 O R 0 -1
00 0 R D 0 00 D 1 00 0 R -1
0 0 0 0 R 0 0 0 0 1 00 00 R-1

=R} R(R—-1))—-0=0

Ri=R,=R3;=Ry,=00rR:=1

From (3.0) and equation (27) the hybrid method is zero stable and consistent since the order
of the method p» = 5 = 1. And by Henrici {1962); the hybrid method is convergent.

Also, the block methods proposed in equations (25) for k = & are put in the matrix equation
form and for easy analysis the result was normalized to obtain
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The first characteristic polynomial of the block method is given by

p(R) = det(RA"
[T 0

p(R) = det
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— A1) .Substituting the A° and A% into the function above gives
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From (3.0) and equation (29) the hybrid method is zero stable and consistent since the order of
the method p = 7 = 1. And by Henrici (1962); the hybrid method is convergent.

Numerical Example
To illustrate the performance of our proposed methods we will compare their performance with
exact results. Consider the initial value problem
Y =y -0+1,30) =1
The problem is stiff in nature for negative 4 values and it has exact solution y{x) = ™ + x.

This problem is considered for A = —5, and A = —20 with step length 4 = 0.01. The problem is
solved using the Block Hybrid Backward Differentiation Formulae (BHBDF) for k¥ = 4 and k = 6.
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CooO N eae o
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Table 1: Proposed (BHBDF) for k=44 = -5

e I e e N e e Y e e |

e I e e N e e Y e e |

el el el
. ,

N X

Exact value

Approximate value

Error

0.00
0.01
0.02
0.03
0.04
0.05
0.06
0.07
0.08
0.09

0.1

©CoOo~NOOOTPA~WNPEF O

10

1.000000000
0.961229424
0.924837418
0.890707976
0.858730753
0.828800783
0.80081822
0.774688089
0.750320046
0.727628151

0.706530659

1.000000000
0.961229424
0.924837418
0.890707976
0.858730753
0.828800783
0.800818221
0.77468809
0.750320046
0.727628152

0.706530667

0
5.03E—10
39%E-11
427E — 10
8E — 11
74E—-11
317E—10
28E—10
37E-11
3T77E—10

2.86E — 10

Table 2: Proposed (BHBDF) for k=44 = -20

Exact value

Approximate value

Error

N X
0 0.00
1 001
2 0.02
3  0.03
4 0.04

1.000000000
0.828730753
0.690320046
0.578811636

0.489328964

1.000000000
0.828769259
0.690432454
0.578993079

0.489416887

0
3.8506896E — 05
1.12408945E — 04
1.81443769E — 04

8.7923593E — 04
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5 0.05 0.417879441 0.417989621 1.10180194E — 04
6 0.06 0.361194211 0.361365196 1.70985282E — 04
7 0.07 0.316596963 0.316826495 2.29531969E — 04
8 0.08 0.281896518 0..282023466 1.26948875E — 04
9 0.09 0.255298888 0. 255440879 1.4199104E — 04
10 0.1 0.235335283 0.235532264 1.96981522E — 04

Table 3: Proposed (BHBDF) for k= 6,4 = —5

N X Exact value Approximate value Error

0 0.00 1.000000000 1.000000000 0

1 0.01  0.961229424 0.961229424 0

2 0.02  0.924837418 0.924837418 0

3 0.03  0.890707976 0.890707976 0

4 0.04  0.858730753 0.858730753 0

5 0.05  0.828800783 0.828800783 0

6 0.06 0.80081822 0.80081822 0

7 0.07  0.774688089 0.774688089 0

8 0.08  0.750320046 0.750320046 0

9 0.09 0.727628151 0.727628151 0

10 0.1 0.706530659 0.706530659 0

Tahle 4: Proposed (BHBDF) for k= 6,4 = —20
N X Exact value Approximate Error
value

0 0.00 1.000000000 1.000000000 0
1 0.01 0.828730753 0.828730765 1.2E—-08
2 0.02 0.690320046 0.690320059 13E-08
3 0.03 0.578811636 0.578811645 9.0E — 09
4 0.04 0.489328964 0.489328973 9.0E — 09
5 0.05 0.417879441 0.417879445 4, —09
6 0.06 0.361194211 0.361194228 1.7E—08
7 0.07 0.316596963 0.316596981 1E—-08
8 0.08 0.281896518 0..281896533 15E—08
9 0.09 0.255298888 0. 2552989 1.2E—-08
10 0.1 0.235335283 0.235335293 1.0E —08

It would be observed from the results in tables 1 and 2 that the error alternates, that's for
BHBDF 4 for 4 = —5 and A = —20 respectively. The BHBDF6 with 4 = —5 is the best in terms of
performance and accuracy as indicated in table 3.In table 4, the BHBDF6 with 4 = —20 shows
an alternate in error, but is of higher accuracy in comparison with results in table 2. However
all the block methods produce accurate results when compared with exact results.

Conclusions

We have derived the hybrid form of the Backward Differentiation Formulae (BDF) for i = 4 and
k = 6. The idea of Multistep Collocation (MC) was used to reformulate the derived hybrid
formulae into continous form which were employed as block methods for direct solution of
y'=f(x,v). A convergence analysis of the discrete hybrid methods to establish their
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effectiveness and reliability is presented. The methods were tested on some stiff IVP and shown
to perform satisfactorily without the requirement of any starting method.
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