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Abstract 
The idea of multistep collocation is employed to reformulate the Hybrid Backward 
Differentiation Formula (HBDF) for cases  and   into continuous forms which were 
evaluated at some interpolation and collocation points. This gives rise to discrete schemes that 
are combined to form the efficient block method for the solution of Ordinary Differential 
Equations. The requirement of  starting values and the overlap of solution model which are 
associated with conventional Linear Multistep Methods are eliminated by this approach. A 
convergence analysis of the derived hybrid schemes is presented to establish their effectiveness 
and reliability. Numerical examples carried out further substantiates their convergence. 
 
Keywords: Linear Multistep method (LMM), Backward Differentiation Formula (BDF),   
         Block Solution, Implicit, Hybrid 
 
Introduction 
Consider the Initial Value Problem of the form 

 
Where the solution  is assumed to be a differentiable function on an interval  . 
Many methods for solving (1) exist, one particular method is the Linear Multistep Method. The 
Method require less  evaluation of the derivative function  than one step methods in the range 
of integral [ ]. For this reasons they have been very popular and important for solving (1) 
numerically. But these methods have certain limitations such as the overlap of solution models 
and the requirements of a starting value. Other limitations include they yield the discretely 
solution values  hence uneconomical for producing dense output. A continuous 
formulation is desirable in this respect. The collocation method is probably the most important 
numerical procedure for the construction of continuous methods ( Lie and Norsett, 1989; 
Awoyemi, Jator and sirisena, 1994; Onumanyi, sirisena  and jator, 1999). 
 
In this research paper, an attempt is made to reformulate the hybrid form of some BDF 
schemes, specifically   into continuous forms by the idea of multistep collocation.  
 
The Continous Multistep Collocation (CMM) Method 
Lambert ( ) adopted the continous finite difference (CFD) approximation approach by 
the idea of interpolation and collocation. Later, Lie and Norsett ( ), Onumanyi ( ) 
referred to it as Multistep Collocation (MC). The method is presented below 

 
where  are undetermined constants,  ) are specified basis functions, 
T denotes transpose of, t denotes the number of interpolation points and m denotes the 
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number of distinct collocation points. We consider a continuous approximation (interpolant) Y(x) 
to y(x) in the form    

   
      
which is valid in the sub-intervals  , where n = 0,k……,N – k. The quantities 

 
are specified values. The constant co-efficient of (3) can be determined using the conditions 

   
      

                                                                           
Where 

 
The distinct collocation points   can be chosen freely from the set [ ]. 
Equation (4),(5) and (6) are denoted  by a single set of algebraic equations of the form 

 
Where  

  
where   is the non-singular matrix of dimension  below 

D̳     =        

By substituting (9) into (3), we obtain the MC formula 
  

where 
C̳ ≡ D̳-1   

C̳ =  

with the numerical elements denoted by By expanding C̳Tφ(x) in (11) 
yields the following 

 (F)T    

     

     (13)   

    
  

where we construct  explicitly by 
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can be determined as follows: 

 
For   , the general form of the method upon addition of one off grid point is expressed as; 

 
(18) 

The matrix D of the proposed method is expressed as: 

      

i:e  
The matrix D in equation (19) which when solved by matrix inversion technique or Gaussian 
Elimination method will yield the continuous coefficients substituted in (18) to obtain continous 
form of the four step block hybrid BDF with one off step interpolation point. 
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(20
) 
      
Evaluating (20) at points and its derivative at  
yields the following five discrete hybrid schemes which are used as a block integrator; 

  

  

  

  

   
         
Equation (21) constitute the members of a zero-stable block integrators of order 

with  = as the error constants respectively. To 

start the integration 
 process with n=0, we use (21) and this produces  and  simultaneously without 
the need of any starting method (predictor). 
For   , the general form of the method upon addition of one off grid point is expressed as; 
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(22) 
Recall from (7),  
 The matrix D of the proposed method is expressed as: 

 
The matrix D in equation (23) which when solved by matrix inversion technique or Gaussian 
Elimination method will yield the continuous coefficients substituted in (22) to obtain continous 
form of the six step block hybrid BDF with one off step interpolation point. 

   

    

  

where                
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 Evaluating (24) at points  and its derivative at 

 yields the following seven discrete 
hybrid schemes which are used as block integrator; 
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Equation (25) constitute the members of a zero-stable block integrators of order 

with  = as the error 

constants respectively. To start the integration process with n=0, we use (25) and this 
produces , , , , and  simultaneously without the need of any starting method 
(predictor). 
 
Stability Analysis  
Following Fatunla (1992;1994), that defined the block method to  be zero-stable provided the 
roots   of the first characteristic polynomial  specified as  

 
satisfies ,the multiplicity must not exceed 2.  
 The block methods proposed in equations (21) for  are put in the matrix equation form 
and for easy analysis the result was normalized to obtain 

 
And 

 
The first characteristic polynomial of the block method is given by 
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 .Substituting the  into the function above gives 

   

 

 
 

 
 

 
The first characteristic polynomial of the block method is given by 

 .Substituting the  into the function above gives 

                                                            

(27) 

   

 
 

From   and equation (27) the hybrid method is zero stable and consistent since the order 
of the method . And by Henrici ; the hybrid method is convergent.    
Also, the block methods proposed in equations (25) for  are put in the matrix equation 
form and for easy analysis the result was normalized to obtain 
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}…………......................                             (28) 
The first characteristic polynomial of the block method is given by 

 .Substituting the  into the function above gives 

 ……………..(29) 
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From  and equation (29) the hybrid method is zero stable and consistent since the order of 
the method . And by Henrici ; the hybrid method is convergent.    
 
Numerical Example 
To illustrate the performance of our proposed methods we will compare their performance with 
exact results. Consider the initial value problem 

 
The problem is stiff in nature for negative  values and it has exact solution  . 
This problem is considered for  with step length  The problem is 
solved using the Block Hybrid Backward Differentiation Formulae (BHBDF)  for  and .              
 

: Proposed (BHBDF) for  
 

 
: Proposed (BHBDF) for  

N X Exact value Approximate value Error 
0 0.00 1.000000000 1.000000000 0 
1 0.01 0.828730753 0.828769259  
2 0.02 0.690320046 0.690432454  
3 0.03 0.578811636 0.578993079  
4 0.04 0.489328964 0.489416887  

N X Exact value Approximate value Error 
0 0.00 1.000000000 1.000000000 0 
1 0.01 0.961229424 0.961229424  
2 0.02 0.924837418 0.924837418  
3 0.03 0.890707976 0.890707976  
4 0.04 0.858730753 0.858730753  
5 0.05 0.828800783 0.828800783  
6 0.06 0.80081822 0.800818221  
7 0.07 0.774688089 0.77468809  
8 0.08 0.750320046 0.750320046  
9 0.09 0.727628151 0.727628152  
10 0.1 0.706530659 0.706530667  
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5 0.05 0.417879441 0.417989621  
6 0.06 0.361194211 0.361365196  
7 0.07 0.316596963 0.316826495  
8 0.08 0.281896518 0..282023466  
9 0.09 0.255298888 0. 255440879  
10 0.1 0.235335283 0.235532264  

 
: Proposed (BHBDF) for  

 
 
 
 
 
 
 
 
 
 
 
 
 

 
: Proposed (BHBDF) for  

N  X Exact value Approximate 
value 

Error 

0 0.00 1.000000000 1.000000000 0 
1 0.01 0.828730753 0.828730765 

 

2 0.02 0.690320046 0.690320059 
 

3 0.03 0.578811636 0.578811645 
 

4 0.04 0.489328964 0.489328973 
 

5 0.05 0.417879441 0.417879445 
 

6 0.06 0.361194211 0.361194228 
 

7 0.07 0.316596963 0.316596981 
 

8 0.08 0.281896518 0..281896533 
 

9 0.09 0.255298888 0. 2552989 
 

    10 0.1 0.235335283 0.235335293 
 

 
It would be observed from the results in tables 1 and 2 that the error alternates, that’s for  
BHBDF  for  and  respectively. The BHBDF6 with  is the best in terms of 
performance and accuracy as indicated in table 3.In table 4, the BHBDF6 with   shows 
an alternate in error, but is of higher accuracy in comparison  with results in table 2. However 
all the block methods produce accurate results when compared with exact results. 
 
Conclusions 
We have derived the hybrid form of the Backward Differentiation Formulae (BDF) for  and 

. The idea of Multistep Collocation (MC) was used to reformulate the derived hybrid 
formulae into continous form which were employed as block methods for direct solution of  

. A convergence analysis of the discrete hybrid methods to establish their 

N X Exact value Approximate value Error 
0 0.00 1.000000000 1.000000000 0 
1 0.01 0.961229424 0.961229424 0 
2 0.02 0.924837418 0.924837418 0 
3 0.03 0.890707976 0.890707976 0 
4 0.04 0.858730753 0.858730753 0 
5 0.05 0.828800783 0.828800783 0 
6 0.06 0.80081822 0.80081822 0 
7 0.07 0.774688089 0.774688089 0 
8 0.08 0.750320046 0.750320046 0 
9 0.09 0.727628151 0.727628151 0 
10 0.1 0.706530659 0.706530659 0 
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effectiveness and reliability is presented. The methods were tested on some stiff IVP and shown 
to perform satisfactorily without the requirement of any starting method. 
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