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Abstract

A linear programming method and the application to a Markov decision model of human health
conditions are discussed in this paper. This approach involves the use of simplex method to
solve a linear program model formulated with discrete time Markov decision processes in
contrast to the policy- iteration algorithm. The model was initially formulated and solved with
policy iteration method and now verified on identical data using linear programming. The result
obtained is in agreement with the policy- iteration method. However, the linear programming
method has the advantage of wide spread and simple computer software that can easily be
used, unlike the policy- iteration algorithm that may demand writing its own computer codes
by the individual. It is important to observe that the two methods are very efficient to
determine the long-run fraction of time that a man is in a poor condition of health.
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Introduction

Linear programming is an optimization technique. It receives so much attention in recent
years due to the availability of the methods of solution to the general linear programming
problems involving large variables Diego and German (2006) and Abubakar(2005). Linear
programming formulation of Markov Decision processes has been reported also in Diego and
German (2006) and Tijm(1988). The application of Markov decision model to study human
health conditions is discussed in Abubakar(2011). In that work, policy- iteration was used and
found to be very involving and cumbersome, it is therefore necessary to seek for alternative

method and that is the issue addressed in this paper; the linear programming approach.

Markov Decision Processes and Linear Programming.

According to Kurkani (1999), Puterman (1994), Goto et al (2004) and Hillier and
Lieberman(1980); we consider a Discrete Time Markov Chain (DTMC) {X,, n = 0, 1,...}, whose
transition probability matrix depends on the action taken A,. Additionally, the system incurs a
cost ¢( I, @) when an action a is chosen at some state /. Then the joint process {(X,, A,), n=0,

1,...}, is a Discrete Time Markov Decision Process (DTMDP).
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The policy-iteration algorithm solves the following average cost optimality equation in a
finite number of steps by generating a sequence of improving policies.
It was observed in Abubakar(2011) that the finite convergence of the policy-iteration algorithm

& &

implies that numbers g and v, i €1, exist which satisfy the

average cost optimality equation

L

vi=mn oo (@) — g* + ;;"EI P @V EET 1)

| is the set of states. The constant g* is uniquely determined as the minimum average cost

per unit time, that is

g°= & g9(R)
Moreover, each stationary policy R* such that the action R} minimizes the right side of (1) for
all i €1 is average cost optimal Tijm (1988).
Another convenient way of solving the optimality equation is the application of a linear
programming formulation for the average cost case.

According to Diego and German (2006), the next model specifies how to obtain an

optimal average cost using linear programming tools.

. T : :
Min ;E_,; Ty geai) fli,a)e(i, a)
subject to
;= EEA(:'} mp;; (@) €5 Balance equation
EEA,,E.} f(i,a) = 1 Normalization equation, S is the set of all allowable states.

This model is not linear. But if we define new decision variable

%, =7; fli,a),i €5,a € A(i), then we can build an equivalent linear model. The meaning of

X; IS the long run fraction of the time that the system is in state i and action a is chosen.

L X

Min ics aear C(L @)%
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subject to
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Lia ™ Qe5T(j) azd(i) Pij (ﬂ,j Hig — 0JjES

Tz —
izt asAli) Lia = 1

X, =0, iES,a€A(i)

Where 57 () is the set of possible predecessors of state j.

i.e. S7(j) = {i:jE€ 5(i,a) for some a € A}. Once the model is solved, to recover the

quantities of interest you must follow the following steps:

Where,

Stationary Distribution

_ Z
T = asa(i Yiar

ies

Value Function: This is the optimal objective value obtained by linear programming,
note that the same value function applies for each state, due to be solved for the
average problem.

Decision Rule: It can be shown that there exists a deterministic decision rule, instead of
a randomized one. If the transition probability matrix of every stationary policy is

irreducible, the next statement shows how to get in general way.
: — Zig
f(l'rﬂ'j - ;i

However, if there is no knowledge about how is the performance of the discrete time
Markov decision process (DTMDP), the next statement could be used, due to a DTMDP
always obtain a deterministic decision rule.

(1) = { a if xp = 0,i €57 ]
B arbitrary ifies— 5° ]

S*={se5:x"(i,a) = o for some a € A(i)}

Denardo and Fox( 1968) gives the following linear programming algorithm which was used in

this work

Linear programming algorithm

Step 1: Apply the simplex method to compute an optimal basic solution (x;.) to the linear

program
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¥ X

Minimize ies mear) CLA)X g i (2)
subject to
z L E _ ,
asAlj) x}'ﬂ T i=5 asd(i) pi}'(ﬂ’jxiﬂ =0, ] E I
L E

=1, x_. =0, i €1 and asA(L)

izs asAli) Xig ia

Step 2. Start with the non-empty set
. E
S: = {Lif azdli) xfﬂ =0 }

and, for any state i € 5, set the decision

:=a for some a such that x], = 0

Step 3: If S = [, then the algorithm is stopped with the average cost optimal R*. Otherwise,
determine some state { €5 and action azA(i) such that p,;(a) > 0 for some j €S , set R;: =
aand §:=5 U{i}, and repeat step 3.

The object of the linear program is the minimization of the long-run average cost per unit time,
while the first set of constraints represent the balance equations requiring that for any state
] € I the long-run average number of transitions from state j per unit time must be equal to
the long-run average number of transitions into state j per unit time. The last constraint
obviously requires that the sum of the fraction x;, must be equal to 1.

Next we sketch a proof that the above linear programming algorithm leads to an
average cost optimal policy . Following Tjims(1988), the starting point is the average cost
optimality equation (1)

Since this equation is solvable then the linear inequalities

g+ v,— _?EI pi(a)v; = ¢;(a) PETand azA() oo (3)
must have a solution. Next it readily verified that any solution {g, v, } to this inequalities satisfies
g = g, (R)for any i € I and any policy R, where g; (R) denotes the long-run average cost per

unit time under policy R when the initial state is i. The inequalities g = g; (R) follow by a

)3

repeated application of the inequalities g 4+ v, — e p;;(R)v; = ¢;(R;),i €1 ; Hence we

can conclude that for any solution {g,v;}to the linear inequalities (3) holds that g < g* with
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g" being the minimal average cost per unit time. Hence, using the fact that relative values v;
exist such that {g* ,v;} constitutes a solution to (3), linear program.
MAXIIMIZE [ et e et et et e e e (€))
subject to

g+ v, — if p;;(a)v; = ¢ (a) i €1 and azA(i),g,v; unrestricted
has the minimal average cost g* as the optimal objective-function value. Next observe that the

linear program (2) is the dual of the primal linear program (4) by the dual theorem of linear
programming, the primal and the dual linear program have the same optimal objective function
value. Hence the minimal objective function value of the linear program (2) yields the minimal

average cost g*. To show that an optimal basic solution (x;,) to the linear program induces an

average cost optimal policy, we first prove that the non empty set
. E
Sl} = {Lif azdli) xfﬂ =0 }

is closed under any stationary policy. The proof proceeds by contradiction. Suppose that

p;;(@) > 0 for some i € S;and j & S, then it follows from the constraint of the linear program

(3) that E; a0 %o = 0,contradicting j € 5. By the closeness of the set 5, under any

policy and the assumption that every average cost optimal policy has no two disjoint closed
sets. The states i & 5, are transient under every average cost optimal policy. This result
guarantees that the completion of policy R*in steps 3 of the linear programming algorithm is
feasible. It remains to prove that the constructed policy R* is average cost optimal. To do so,
let {g* ,v]} be the particular optimal basic solution to the primal linear program (4) such that
this basic solution is complementary to the optimal basic solution (x;,) of the dual linear
program (2) then, by the complementary slackness property of linear programming

g+ v - ;-{EEI p;(R)v = ¢ (R}) for i€S,

By the construction of policy R* and the fact that the set 5, is closed under any policy,
we have that the set I(R*) of recurrent state of policy R*is contained in the set 5, Thus,
noting that no transition is possible from a recurrent state to a transient state.

g+ vi= Ly by ROV = (R for i €1(RY)
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By iterating these equalities, we find that under policy R*the average cost per unit times equals
g~ for each recurrent initial state. Hence, since for any transient initial state the close set of

recurrent states will be reached after finitely many transitions, the average cost per unit time

under policy R*is equal to g* for each initial state, and so policy R* is average cost optimal.

The Model

According to Abubakar(2011), suppose that at the beginning of each day the health
condition of a man is observed and classified as good health or poor health. If he is found to
have poor health, he is given either a first aid/preventive treatment or curative treatment so
that the health condition could change to good health and could attend to his usual activities .
Suppose also that he could be found in good health conditions i = 1,2,... N. The good health
condition i is better than i+1. That is, the health condition deteriorates in time. If the present
condition is i and does not fall ill, then at the beginning of the next day then he has good health
conditions j with probability p;. It is assumed that his body cannot improve on its own. That is
p; = 0 for j<i so that 2 p;= 1 for j>i. Let the health condition i = N represents a poor condition
that requires treatment taking two days. For the intermediate states i with 1<i<N there is a
choice for him to preventively take treatment so that he could remain in good health condition
for the present day. Let a first aid/preventive treatment takes only one day at most and a
change from poor health to a good health (after treatment) has a good health condition i=1.
We wish to determine a rule which minimizes the long-term fraction of time the man is taking
treatment.

Let us put the problem in the frame work of a discrete-time Markov decision model. We
assume a cost of one for each day he takes treatment, the long-term average cost per day
represent the long-term fraction of days that he takes treatment. Also, since a treatment for
poor health condition N takes two days and in the discrete Markov decision model the state of
the system has to be defined at the beginning of each day. We need auxiliary state for the
situation in which a treatment is in progress. Thus the set of possible states of his health
condition is chosen as
I = {1, 2, ... N, N+1}. Here the state i with 1 < i < N corresponds to the situation in which an
observation reveals good health condition i, while state N+1 corresponds to the situation in

which treatment is in progress already for one day. Denoting the two possible actions by
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1 if the condition is good health.

a =
0 otherwise

The set of possible actions in state i is chosen as
A (1) = {0}, A(i) ={0,1} for 1<i<N, A(N) = A(N+1) = {1}
We find that the one step transition probabilities P; (a) are given by
P;i (1) =1 for 1<i<N
Pan+1(1) =1 = Pysr 1 (1)
P;j (0) = P; for 1<i<N and j=i
P (&) = 0 otherwise
Further, the one step costs C; (a) are given by

Ci(1) =1land C;(0) =0.

A rule or policy for controlling the health condition is a prescription for taking actions at
each decision epoch.

In view of Markov assumption, and the fact that the planning horizon is infinitely long,
we shall therefore consider stationary policies. A stationary policy R is a rule that always
prescribes a single action R; whenever the system is found in state i at a decision epoch.

The rule prescribing a treatment or poor health condition only when he has a good health

condition for at least 5 working days is given by R; = 0 for 1<i<5and Ri=1for5 <i < N+1.

llustration
The average cost optimal when the number of possible working conditions equals N = 5

and the deterioration probabilities of the health conditions of staff in a company is given below

0.80 0.15 0.05 0 0
0 060 020 010 010
0 0 040 0.35 0.25
0 0 ] 0.50 0.50

p=

The policy — iteration algorithm is initialized with the policy which prescribes treatment, be it a
first aid or curative action a=1 in each state except state 1

The linear programming problem is

N¥1
z

Minimize T Xy
E—u

subject to
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xlD’xiﬁ’xil’xf'-'—j-’xf'.'-'l'l.l E ':'.

The linear program has the optimal basic solution

xj, = 0.6021, =x3i, =0.1753, x5, =0.0847, xj, =0.0392, =xI, = x}, =0.0318,

This yields an average cost optimal policy R* = (0, 0, 1, 1, 1, 1) with the minimal average cost
N+1

X

= x; = 0.206, in agreement with the results obtained by the policy-iteration algorithm.
Conclusion

The objective of the linear program is the minimization of the long-run average cost of
treatment per unit time and the fraction of time in the long-run that a member staff could be in
a poor condition of health and perhaps stays away from work.

This could be determined for each staff, so that for the staff whose value is a large
contrast to that of the staff of the company could be considered as being in poor health
condition quite often and therefore unproductive and may be retired. The cost obtained is not
very realistic; it could be determined by other methods. The linear programming formulation
has the advantage that sophisticated linear programming codes with the additional option of
sensitivity analysis are widely available. The policy-iteration formulation usually involves the

writing of its own code. However, the two methods are very efficient.
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